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Abstract. In this paper we study the holomorphic Euler characteristics of determinant 
line bundles on moduli spaces of rank 2 semistable sheaves on an algebraic surface X, 
which can be viewed as if -theoretic versions of the Donaldson invariants. In particular 
if X is a smooth projective toric surface, we determine these invariants and their wall- 
crossing in terms of the if -theoretic version of the Nekrasov partition function (called 
5-dimcnsional supersymmetric Yang-Mills theory compactified on a circle in the physics 
literature). Using the results of |43j we give an explicit generating function for the wall- 
crossing of these invariants in terms of elliptic functions and modular forms. 
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Introduction 

This paper is a sequel to [20] . In [20] we expressed the wallcrossing terms of equivariant 
Donaldson invariants for a smooth toric surface in terms of the Nekrasov partition func- 
tion, and then using the solution of the Nekrasov conjecture [H] , [H] , [4] and its refinement 
[42] we gave the wallcrossing formula for simply connected projective surfaces with p g = 
in terms of modular forms, thus recovering the formula in [19] originally proved assuming 
the Kotschick- Morgan conjecture [29]. The Nekrasov partition function is defined as the 
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generating function of the integrals of the equivariant cohomology class 1 on the Uhlen- 
beck partial compactifications M (r,n) of the moduli spaces of 5*?7(r)-instantons on IR 4 
with C2 = n. (As M (r,n) is noncompact, we need a justification of the integration. See 
[31] for details.) 

There is a natural .fT-theoretic counterpart of the Nekrasov partition function, namely 
we replace the integration in equivariant cohomology by the character of the coordinate 
ring of Mo(r, n), where we view Mo(r, n) as an affine algebraic variety via the ADHM 
description. The coordinate ring itself is infinite dimensional, but the weight spaces are 
finite dimensional (see |41j). so the character is well-defined. This i^-theoretic counterpart 
is called the 5-dimensional supersymmetric Yang-Mills theory compactified on a circle in 
the physics literature [3H],[3T]. In [13] we proved the analogues of the results obtained in 
[4Tj in the .fT-theoretic version. (The approach in [48J can be applied to the ^-theoretic 
version, while it seems difficult to generalize that of [4J.) There is also a mathematical 
reason why we should study the ^-theoretic Nekrasov partition function. By the geomet- 
ric engineering of Katz, Klemm and Vafa [28], it is (after a parameter is specialized) equal 
to the generating function of all genus, all degree Gromov-Witten invariants for a cer- 
tain noncompact toric Calabi-Yau 3-fold. (See [5B] for a mathematically rigorous proof). 
Gromov-Witten invariants for toric Calabi-Yau 3-folds have been studied intensively both 
in mathematics and physics (see e.g. [39] and the references therein). 

On the other hand, the i^-theoretic Donaldson invariants have not been studied very 
much in the mathematical literature, as far as the authors know. One of the reasons might 
be a lack of motivation, as it is unlikely that there is an application to 4-dimensional topol- 
ogy. But another reason seems to lie in technical difficulties in defining the invariants. 
For example, the dimension counting argument used in the definition of the Donaldson 
invariants cannot be applied to the i^-theoretic situation. Instead of attacking this prob- 
lem, we restrict our interest to the case when the base 4-manifold is a projective surface 
X. Then we can use Gieseker-Maruyama moduli spaces of semistable sheaves and define 
the i^-theoretic Donaldson invariants as the holomorphic Euler characteristics of the de- 
terminant line bundles. Then the algebro-geometric techniques used in [20] to derive the 
wallcrossing formula for the ordinary Donaldson invariants can be equally applied to the 
.fT-theoretic invariants. We will express the generating function of wallcrossing terms of 
the iiT-theoretic Donaldson invariants in terms of elliptic functions, which have a power 
series development in terms of modular forms. Their lowest order terms are the modular 
forms which occur in the wallcrossing formula in [20] for the usual Donaldson invariants. 
If the moduli spaces are smooth of the expected dimension, it is easy to see that this is 
compatible with the Hirzebruch-Riemann-Roch formula. Our approach is very similar to 
the one in [20], though the final step identifying invariants with the g-developments of 
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modular forms and elliptic functions is more involved than in [20]. We want to remark 
that our final answer for the wallcrossing formula strongly suggests that there should exist 
a definition of fT-theoretic Donaldson invariants for any 4-manifold with a Spm c -structure 
(see gT3]) . 

The holomorphic Euler characteristics of determinant line bundles are interesting algebro- 
geometric objects in their own right. They are refinements of the usual Donaldson invari- 
ants, which contain a lot of geometrical information about the moduli spaces of stable 
sheaves on X, their Uhlenbeck compactifications and the linear systems on them. For 
instance by a result of [S] the morphism associated to certain determinant line bun- 
dles defines a projective embedding of the Uhlenbeck moduli spaces. The corresponding 
Donaldson invariants will determine the degree of the Uhlenbeck compactification and 
under suitable assumptions one would expect that the i^-theoretic Donaldson invariants 
determine its Hilbert polynomial. 

The ^-theoretic Donaldson invariant is a natural 2-dimensional analogue of the di- 
mension of the space of conformal blocks (nonabelian theta functions). Another, closely 
related, analogue is the genuine space of sections of a determinant line bundle, rather 
than the alternating sum of cohomology groups. Its conjectural formula appeared as four 
dimensional Verlinde formula in the physics literature [35j,|36j. (It is given as the space of 
sections, but it is not clear to the authors whether the physical approach actually yields 
the space of sections, not Euler characteristic.) A mathematical formulation was given in 
[45] . where it was called the space of conformal blocks in 4D WZW-Theory. In case the 
base manifold is the projective plane the strange duality conjecture of Le Potier (see e.g. 
[6]) gives a duality between the spaces of sections of determinant line bundles for moduli 
spaces of sheaves of positive rank and their analogues on moduli spaces of pure sheaves 
of rank 0. This conjecture has been checked in some cases in [5], [6]. An analogue of this 
conjecture has been proved for some moduli spaces of sheaves on K3-surfaces in [19]. In 
many examples, the determinant line bundle is ample, or at least nef and big, so we have 
the vanishing of higher cohomology groups. In those cases there are no difference between 
the spaces of sections and Euler characteristics. However it is not clear whether we can 
control the spaces of sections in general. 

The paper is organized as follows. In Sect. [I] we collect background material on the holo- 
morphic Euler characteristic of the determinant line bundle and the .fT-theoretic Nekrasov 
partition function. We also explain the partition function with 5D Chern-Simons terms 
(see [271(51]), which naturally appears in our approach. We also calculate the ^-theoretic 
Donaldson invariants for K3 surface (see §1.51) . In Sect. [2] we express the wallcrossing 
terms in terms of the holomorphic Euler characteristic of some virtual vector bundles on 
the Hilbert schemes X^ of points on two copies of X. In Sect. |3] we take X a smooth 
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projective toric surface and express the equivariant wallcrossing terms in terms of the K- 
theoretic Nekrasov partition function. These two sections are parallel to [201 Sect's. 2,3]. 
Then in Sect. H]we take the nonequivariant limit and give the formula of wallcrossing terms 
in terms of modular forms and elliptic functions. We use the solution of the Nekrasov 
conjecture and its refinement. In particular, we determine the Hilbert series of the deter- 
minant line bundles on Mjf(0,d) and Mjf(H,d) for small d in §4.51 In Appendix lAl we 
explain the Seiberg-Witten curve for the the 5-dimensional supersymmetric Yang-Mills 
theory. We prove that the Seiberg-Witten prepotential defined via the period of the curve 
satisfies the contact term equation, which was also satisfied by the nonequivariant limit of 
the Nekrasov partition function [13]. This completes our proof of Nekrasov's conjecture 
started in [13], as the solution of the contact term equation is unique. 

This paper is dedicated to Friedrich Hirzebruch, one of the founders of i^-theory. Among 
the other subjects of this paper related his work are the Hirzebruch-Riemann-Roch theo- 
rem, modular forms and elliptic functions. The first-named author particularly wants to 
thank him, his teacher, for all the things he learned from him. 
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1. Background Material 

We will work over C. We usually consider homology and cohomology with rational 
coefficients and for a variety Y we will write Hi(Y), and H l (Y) for Hi(Y, Q) and H l (Y, Q) 
respectively. If Y is projective and a G H*(Y), we denote J Y a its evaluation on the 
fundamental cycle of Y. If Y carries an action of a torus T, a is a T-equivariant class, 
and p : X — > pt is the projection to a point, we denote J Y a := p*(a) G H^{pt). 

In this whole paper X will be a nonsingular projective surface over C. Later we will 
specialize X to a smooth projective toric surface. For a class a G H*(X), we denote (a) : = 
j x a. If X is a toric surface we use the same notation for the equivariant pushforward to 
a point. 
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Let X be simply connected smooth projective surface with p g (X) = 0. Let H be an 
ample divisor on X. We denote by M§(r, c±, c 2 ) the moduli space of rank r torsion- free H- 
semistable sheaves (in the sense of Gieseker and Maruyama) with C\(E) = ci, c 2 (E) = c 2 . 
Let M§(r, Ci, c 2 ) s be the open subset of stable sheaves. 

1.1. Determinant line bundles. We briefly review the determinant line bundle on the 
moduli space [H],[32], for more details we refer to [26j Chap. 8]. 

For a Noetherian scheme Y we denote by K(Y) and K°(Y) the Grothendieck groups of 
coherent sheaves and locally free sheaves on Y respectively. Then K°(Y) is a commutative 
ring with 1 = [Oy], with the multiplication given by the tensor product of locally free 
sheaves. If Y is nonsingular and quasiprojective, then K{Y) = K°(Y). In particular 
we have K(X) = K (X) for the smooth projective surface X. We will identify K°(X) 
with K(X) hereafter. If we want to distinguish a sheaf JF and its class in K(Y), we 
denote the latter by [J-\. But we may also write T for the class in K(Y). For a proper 
morphism j:Y\ — > Y 2 we have the pushforward homomorphism fr. K{Y\) ~~ > -^(^2) 
defined by /i([^ r ]) = ^Y[R l f*^}- When Y 2 = pt, this is the Euler characteristic of T 

under the identification of tf(pt) = Z: f<{[F}) = x(Y u F) = £,(-1)' dimH l (Y u T). We 
also have a pushforward homomorphism K°(Y]_) — > when / is a locally complete 

intersection morphism. (See [T, §4.4].) For any morphism /: Y\ — > Y 2 we have the pullback 
homomorphism /* : i^ (F 2 ) — ► defined by f*[F] = [f*F] for a locally free sheaf T 

on Y 2 . 

On ifpf) we have a quadratic form (u, u) 1— > « (g> u) = %(« ® u). (We denote 
v(X, u®v) by x(w <8> f) for brevity hereafter.) We say that u, v G are numerically 

equivalent if u — v is in the radical of this quadratic form, and denote K(X) num the set 
of numerical equivalence classes. Let c G K(X) num . Let S be a flat family of coherent 
sheaves of class c on X parametrized by a scheme S, and letp:XxS'^S',g:XxS'^X 
be the projections. Define A^ : K(X) — > Pic(S') as the composition 

(1.1) K{X) -C K°(X xS)^ K\X xS)^ K°(S) ^ Pic(S), 

(see also [26, (2.1.10), (2.1.11)]). The following elementary facts are important for working 
with these line bundles: 

(1) Ag is a homomorphism, i.e. \g (v\ + v 2 ) = \e(vi) ® A^^)- 

(2) If /j, G Pic(S) is a line bundle, then X £ ^(v) = \ £ (v) ® ^ c ® v ). 

(3) A^ is compatible with base change: if <fi : 5" — > S is a morphism, then A^«£(u) = 
0*Ae(«). 

Let if be a very ample divisor on X. For a class c G K(X) num we denote by := c 1 - = 
{v G K(X) j v(w®c) = 0}. We denote by K c jj := c L C\{l, h, h 2 } 11 , where ft, = [O h \. Now 
let c G i^(X) num be the class of an element in M§(r,Ci,c 2 ). There are homomorphisms 
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A: K c — > Pic(M^(r, ci, c 2 ) s ), and A: K cH — > Pic(M#(r, ci, c 2 )), such that A commute 
with the inclusions K cH C K c and Pic(M#(r, ci, c 2 )) C Pic (M#(r, ci, c 2 ) s ). Note that 
A,f (t>) is independent of the choice of the universal family £ for v £ K c by the property 
(2) above, and in fact, we do not need the existence of the universal sheaf to define 
the map A. We call H general with respect to (r, ci,c 2 ) if all the strictly semistable 
sheaves in M^(r, ci,c 2 ) are strictly semistable with respect to all ample divisors on X 
in a neighbourhood of H (the ample cone has the topology induced from the Euclidean 
topology on H 2 (X, K)). In this case any strictly semistable sheaves in M^(r, Ci,c 2 ) is 
of type 1 in the sense of [TU1 0.3]. Then the stabilizer subgroup AutF (appeared in the 
proof of [26, Theorem 8.1.5]) acts trivially on the fiber of the determinant line bundle (on 
the open subscheme of the quot-scheme). Therefore A: K c ^h — > Pic (M#(r, c\, c 2 )) can be 
extended to K c . 

If £ is a flat family of semistable sheaves of rank r and with Chern classes ci,c 2 
on X parametrized by S, then we have 4>g(\(v)) = \e(v) for all v G K cH for <p* s : 
Pic (M^(r, Ci, c 2 )) — > Pic(S') the pullback by the classifying morphism. If H is general 
with respect to (r, Ci,c 2 ), the same statement holds with K c H replaced by K c . If £ is a 
flat family of stable sheaves, the same statement holds with K c H , M§(r, ci,c 2 ) replaced 
by fT c , M§(r, Cl ,c 2 ) s . 

1.2. i^-theoretic Donaldson invariants. We write M§(ci,d) for M^(2,ci,c 2 ) with 
ci = 4c 2 — — 3. Let v & K c , where c is the class of a coherent rank 2 sheaf with Chern 
classes Ci,c 2 . Assume that if is general with respect to (2,ci,c 2 ). The K-theoretic Don- 
aldson invariant of X with respect to v,c\,C2,H is the holomorphic Euler characteristic 
x(Mg(ci,d),\(v)) of the line bundle X(v). 

Notation 1.2. We introduce the following notation that we will often use in the paper. 
For i > 0, we put «W := [ch(t> )e C1 / 2 Todd(X)]i. Thus v<® = rk(v), = a(v) + ^(ci - 
Kx) and could be interpreted as x( v ® C(ci/2)). 

By the Riemann-Roch Theorem it follows that 



in particular we see that the condition v G K c is independent of ci if rk(t») = 0. 

An important special case is the following: Let L be a line bundle on X. Assume that 
(ci(L), ci) is even (otherwise replace L by L® 2 ). Then for c the class of a rank 2 coherent 
sheaf with Chern classes ci, c 2 , we put 



(1.3) 



x(v <S> c) = 2v^ — rk(f )(c 2 



(1.4) 



v(L) :=-(l-L- 1 )-( 



c x {L) 



, Cl {L) + K x + Cl )[O x ]eK c . 



2 
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Note that v(L) is independent of c%. The condition that (ci(L),ci) is even implies that 
v(L) G K(X). Assume that H is general with respect to (2, c\,C2). Then we denote 
fJ>(L) := X(v(L)) G Pic(Mjj(ci,d)). The K-theoretic Donaldson invariant of X, with 
respect to L, ci, d, is x(M# (ci, d), The generating function is 

(1.5) X^(£;A) :=^A d x(Ml( Cl ,d),0(M^))). 

If £ is a flat family of coherent sheaves parametrized by S, we have Ci(//(L)) = (c 2 (£) — 
|ci(£) 2 )/PD(ci(L)) G H 2 (S) by the Riemann-Roch for a smooth morphism ([TJ, §4.3]). 
It extends to a class in H 2 (M^(ci,d)) by the same argument for fi(L). This coincides 
with the definition of /j,(ci(L)) appearing in the usual Donaldson invariant. This is the 
reason why we denote the line bundle by n(L). Thus it follows from the definitions and 
the singular Riemann-Roch theorem [1] that xi^H ( c i> d), 0(ju(nL))) is a polynomial of 
degree d in n, whose leading term is the algebraic geometric version of the Donaldson 
invariants n d $^(ci(L) d /<i!) (in the notations of [20]) when M§(ci,d) is of the expected 
dimension. 

The above argument also implies that the invariant x^Mu ( c i> d), \{v)) depends only on 
ch(v) G H*(X). Therefore the invariant is well-defined on K(X)^ om := K(X)/~ where 
v ~ v' if and only if ch(t> ) = ch(v'). 

1.3. A digression on the definition of the invariants. The definition of the K- 
theoretic Donaldson invariants above is only ad hoc and will in general need to be modified, 
so that the invariants have good properties and so that they might be related to gauge- 
theoretical invariants. 

We expect that for general X, when the moduli space M§(ci,d) does not have the 
expected dimension, one needs to use a virtual structure sheaf (see [33]) in the definition. 
If Mgr (ci, d) consists only of stable sheaves, the perfect obstruction theory was constructed 
in [521 Th. 3.30]. Then we just need to replace x^Mh (ci, <£), K v )) h J x{M% (ci, d), O vht ® 
X(v)). If M§ (ci, d) has the expected dimension, then by [33], Prop. 2], the virtual structure 
sheaf is just the usual structure sheaf, and this definition reduces to our previous definition. 
When M§(ci,d) may contain a strictly semistable sheaf, we need to construct a perfect 
obstruction theory on another moduli space with additional structures and prove that it 
is independent of the additional structure as in [10], or use the blowup formula as in the 
definition of the usual Donaldson invariants (see [20, §1.1]). See §1.41 below for the first 
step in this approach. 

Let us examine the possibility to extend our definition of invariants to a C°° 4-manifold 
X. To avoid a technical difficulty, we first assume the moduli space (c±, d) is smooth. 
Our definition depends on the complex structure of X, and if we have a gauge theoretic 
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definition, it should be independent of the complex structure, and the definition must be 

modified. Our guess is to consider the index of a Dirac operator instead of the holomorphic 

1 li 

Euler characteristic. If X is spin, then we have a square root K-£ of Kx, and then n(Kx) 
is a line bundle. It is known that this is isomorphic to half of the canonical bundle of 
M§(d,d) when it is smooth (see e.g. [261 §8.3]). Therefore x( m h (d,d), 0(n(K x )) is 
equal to the index of the Dirac operator. In this special case, our main result Corollary 14. 191 
is simplified as v^ 1 ' = —Kx- In particular, the answer is independent of the complex 



structure except the term a/ — 1 ' which corresponds to the orientation of the moduli 
space. 

More generally the complex structure on X and a line bundle L on X induces the 
Spm c -structure W + = (A°'° © A°' 2 ) ® A = A 01 ® L on X with the characteristic 
line bundle det W + = det W~ = —K x + 2L. We conjecture that it induces a Spin c - 
structure on the moduli space. The recipe should be somewhat similar to the definition of 
the orientation of the moduli space induced from the homological orientation on H°(X) © 
H l (X)* ®H+(X), but we do not know how to define it in general (even on the nonsingular 
part of the moduli space). However in our situation, an obvious candidate for the index 
is x{Mh(ci, d), 0(fi(2L)). This means that the Spm c -structure is the one given by the 
complex structure twisted by the line bundle /x(2L). The answer given in Corollary 14.191 
is written in terms of v^ 1 ' + Kx = Kx — 2L. As this is the negative of the characteristic 
line bundle of the Spin structure, the candidate seems reasonable. 

Now we come to discuss more technical points. For a C°° 4-manifold X, we do not have 
the Gieseker-Maruyama compactification M§{c\,d) and we need to use the Uhlenbeck 
compactification N§ (c%, d) of the moduli space of instantons instead. We also need to use 
its topological ^-homology group K top (N§(ci, d)). When X is a projective surface, we 
have a homomorphism 7r* : K top (M% (ci, d)) -> K top (N§(c 1 , d)) given by n : M§(c x , d) -> 
Nft (ci, d) and we can pushforward the virtual structure sheaf on Mj£ (ci, d) to N§(ci, d). 
And it can be shown that the line bundle fi(L) is a pull-back of a line bundle from 
N§(ci,d) under some conditions. (See §1.41 And this assertion, at least for a topological 
line bundle, is well-known in the gauge theory context.) Therefore the invariants in 
(11. 5p can be defined in terms of (c±, d) and the framework of the topological i^-group. 
However it is not clear, at least to the authors, how to define the .fT-theoretic fundamental 
class [O n x m ] G K top (Ng (ci,d)) for an arbitrary C°° 4-manifold X even under the 
assumption that N^(ci,d) is of expected dimension. 

We have considered the determinant line bundle n{L) above. This is the case xk(y) = 0. 
When v G K c is suitably chosen (see fZEl §8.1]) with rk(t> ) = 2, the determinant line bundle 
X(y) is ample on M^{c\, d) and does not come from (c\, d). This observation seems to 
suggest that the invariant can be defined only for a restricted class v on a C°° 4-manifold 
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X. We have discussed rk(w) = is sufficient for the existence of the line bundle X(v) on 
N§(ci,d) above, but we do not know whether this is necessary. 

Also we do not give the definition of the analog of p{p) G H A {M^ (ci, d)) where p is the 
point class of H (X). It may be defined as 

x{MX( Cl ,d), Pl (q*v®£)), 

but it is not independent of the choice of the universal bundle £ in general, and may 
not be defined when we do not have a universal bundle. A possible candidate, which 
can be defined for any v G K(X), is given by replacing £ by £ <8> S v , where v is the 
involution on K°(X x M§(cx,d)) defined by taking the dual of a vector bundle. Or 
more generally, if we have a representation p: PGL(2,C) — ► GL(V), we may consider 
x(M§(ci,d),p\(q*v ® p([£]))), or applying p (with an appropriate change of PGL(2,C)) 
after the pushforward p\. But we do not study these 'higher' invariants, and stick to our 
x(M§ (ci, d), X(v )), which we believe most basic. 

1.4. Blowup formula and the invariants for moduli spaces with strictly semistable 
sheaves. As mentioned in the previous subsection, we give a proposal of the definition of 
invariants when moduli spaces may contain strictly semistable sheaves by using a blowup 
formula. We assume a kind of smoothness of moduli spaces on the blowup. This allows 
us to avoid the virtual structure sheaf. However the smoothness assumption is used much 
more essentially as we use Kawamata-Viehweg vanishing theorem. If we could prove the 
same vanishing theorem under the assumption that the moduli space is of expected di- 
mension, we could use the blowup formula as the definition of the invariant, as is done 
in the context of usual Donaldson invariants (see e.g., [20]). Then the invariant is in- 
tegral, in contrast with the ordinary Donaldson invariants in which we must divide by 
powers of 2. Moreover we also prove that the pushforward of the structure sheaf of the 
Gieseker-Maruyama compactification is equal to the the structure sheaf of the Uhlenbeck 
compactification. This seems an evidence of our belief that the X-theoretic Donaldson 
invariant has a gauge theoretic definition. The material in this subsection is technical, so 
a reader in hurry can just read the statement of Corollary 11.81 and skip the rest. 

Let (X, H) be a polarized rational surface. Let X be the blowup of X in a point and 
C the exceptional divisor. In the following we always denote a class in H*(X,Z) and its 
pullback by the same letter. Write c := (2, 01,02), and Mff(c) := M§{c). Let Q be an 
open subset of a suitable quot-scheme such that Mh(c) = Q/GL(N). 

Let N H (c) be the Uhlenbeck compactification of the moduli space of slope stable vector 
bundles on X. The line bundle p(2D) is a pull-back of a line bundle from Nh{c) if 
D G Hhh ,£)=o m f ac ^' the stability is the same for H and H+eD with D G n^^H,()=oC, ± 
for a sufficiently small e. Then p(H + eD) is nef and big and gives a map to the Uhlenbeck 
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compactification. In particular, n{2D) is the pull-back of a line bundle on the Uhlenbeck 
compactification, which we denote by the same symbol. We further assume H is general 
with respect to c, then we have {£ | (H,£) = 0} = {0}. Therefore fi(2D) is the pull-back 
of a line bundle on Nh{c) for any D. 

We shall study the singularities of Mh{c) and Nh(c). 

Lemma 1.6 ([3]). Assume that Q is smooth (e.g. (—Kx,H) > 0). Then M#(c) = 
Q/GL(N) is normal and has only rational singularities. 

We next consider the singularities of Njj{c). Replacing Nh{c) by its normalization, we 
may assume that Nh{c) is normal. 

Lemma 1.7. Assume that Q is smooth (e.g. (—Kx,H) > 0). 

(1) Then Nh(c) has only rational singularities. 

(2) Rit*(Om h (c)) = Nh ( c ). 

Proof. (1) We first assume that c is primitive. Then there is a resolution of 7r: M^-(c) — > 
N H (c), where M^(c) is the moduli space of a-twisted semi-stable sheaves for suitable a. 
Then by the Grauert-Riemenschneider vanishing theorem, Uti^^Km^^) = ir*(K M *( c -)). 
Since Km§( c ) — n(2Kx) comes from Nh(c) and Nh{c) is normal, H7t^(Om^(c)) = tt*(Cms(c)) = 
On h ( c )- Thus Nu(c) has only rational singularities. 

We next treat M H (c) with c = (2,0,2n). We set c := (2, C, 2n) and M H (c) : = 
M*_ 

ec( c )- Then there is a surjective morphism 7r: Mh{c) —>■ Nh{c) which is generically 
a P 1 -bundle. Since —//(C) is 7?-nef and big, the Kawamata-Viehweg vanishing theorem 
implies that R l 7f^(K^ H ^(—2/i(C))) — 0, i > 0. By our assumption, n(K x ) comes from 
Njj(c). This implies that 

c i( K m h (c)) = Ma{Kx)) = Mci(Kx)) + 2//(C) = 2//(C) mod rH 2 (N H (c), Q). 

Hence R 1 k*(0^j h( ^) = 0,i > 0. Thus R^O^^) = On h ( c )- Then Nh(c) has rational 
singularities by [301 Thm. 1]. 

(2) It is sufficient to prove the following: For a proper birational map /: Y" — > Z of 
normal varieties Y, Z with only rational singularities, R/*(CV) = Oz- 

Proof of the claim: Let g : Y 7 — > Y be a resolution of the singularities. Since Y has only 
rational singularities, Rg«(0 Y >) = 0, i > 0. Then Rf^Oy) = R\f o g)*.{0 Y >) = 0,i > 0. 
Hence we get our claim. 

□ 



By the proof, we also get the following. 
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Corollary 1.8. Let M#(c) be the moduli space of stable sheaves on X such that c = 
(2, ci + kC, C2) with k = 0, 1. Then 

In particular, 



for any line bundle D on X such that (D,ci) is even and (D,£) = for £ any class of 



Remark 1.9. Since M H (c) is normal, the dualizing sheaf uj Mh ^ is reflexive. If if is a 
general polarization, then Om h { c ){^^{Kx)) is a line bundle on M which coincides with 
the dualizing sheaf on the locus of stable sheaves M#(c) s . If dim(M#(c) \ Mh(c) s ) < 
dimM^(c) - 2, then uj Mh{c) = Mh{c) {2^(K x )). 

1.5. fT-theoretic invariant for K3 surfaces and strange duality. Let X be a pro- 
jective K3 surface. In this subsection we calculate the i^-theoretic invariants for X as 
examples. We also give a formula for the .fT-theoretic invariants of rank 1 sheaves on 
abelian surfaces. 

For any projective algebraic surface Y and c G i^(y)h om we denote by Mjj{c) the 
moduli space of if-stable sheaves E on Y with ch(E) = ch(c). This is just a change of 
notation, but is convenient to see the strange duality. We also define the discriminant by 



A(c) = 2rk(c)c 2 (c) - (rk(c) - l)ci(c) 2 , A(E) = 2rk(E)c 2 (E) - (rk(£) - l) Cl (E) 2 . 



Proposition 1.10. Let c G K(X)h om with either rk(c) > or rk(c) = and Ci(c) nef 
and big. Assume that M^(c) consists only of stable sheaves. Then for v G K C; 



Corollary 1.11. Let c, v G K(X)\ lom with x{ v <8> c) = 0. Assume that both c and v fulfill 
the assumptions for c in Proposvtion\TM Then x(M§ (c), X(-v)) = x(Mf (v), A(-c)). 

Recall that our invariant is well-defined on K(X)^ om (see §1.2p . We have v G K c = 
{v I x( v ® c) = 0} if and only if c G K v , therefore the line bundles A(— v), A(— c) exist on 
M§(c), M§{v) respectively. 

Remark 1.12. (1) Corollary 11.111 can be viewed as a weak version of an analogue of 
the strange duality conjecture, which was formulated by Le Potier for P 2 , and which 
is in turn an analogue of the strange duality (level-rank duality) for moduli spaces of 
vector bundles on curves (see [2], [7], [S]). Let c G K(F 2 ) with rk(c) > and v G 
K c with rk(v) = and a(y) > and assume M v \c) / / M ¥ \v). Then the 



x(M H (c),^(D)) = X (N H (c),ti(D)) = x(M H (c),^D)) 



type (ci, 4ci — c\ — 3) on X with (H, £) = 0. 
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strange duality conjecture of Le Potier (see [5J, [5]) predicts an explicit duality between 
F°(M p2 (c), X(-v)) and H°(M w2 (v), A(-c)). It is shown in [6] that the higher cohomol- 
ogy groups if*(M p2 (c), X(—v)) vanish and in the known cases also the higher cohomology 
groups if ? (M p2 (t>), A(— c)) are zero, thus one has in particular that x(M p2 (c), A(— v)) = 
X(M P (v),A(-c)). Thus Corollary OH says that on K3 surfaces this is true more gen- 
erally for c, v of any nonnegative rank, at least when M§(c) and M^(v) consist only of 
stable sheaves. It seems natural to conjecture that the condition that the moduli spaces 
only consist of stable sheaves can be dropped. 

In the context of Brill-Noether theory of K3 surfaces Markman proposed to put (v) : = 
M§(— t> v ), in case rk(t>) is negative (see [37]). It is easy to see that if x( v <8> c) = 0, then 
also x{~ vW ® c ) = 0, and A(— v y ) = A(t>). Thus with this definition Proposition II . 1 01 also 
holds if rk(t> ) or rk(c) are negative. 

In [56] the proof of an equivalent formulation of Proposition 11.101 in terms of the Mukai 
vector is sketched. In [19] there is a short sketch of the proof of Proposition 11.101 Fur- 
thermore the duality map H°(M§(c), A(— v )) v — > H°(M§(v), A(— c)) is constructed and 
it is checked in some cases that it is an isomorphism. 

We first recall some properties of the moduli spaces M^(r, Ci, c 2 ). The Mukai lattice of 
X is H* (X, Z) with the symmetric bilinear form 

(1.13) (w, w') = / (ci A c[ — r A a'g — r' A ag) , 

Jx 

for any w = (r, ci, a) G H*(X, Z) and w' = (r', c[, a') G H*(X, Z). Here the notation u> = 
(r,d,a) means io = r©ci©a^ with r G H°(X,Z), a G H 2 (X,Z), a G Z and g G if 4 (X, Z) 
is the fundamental cohomology class of X so that f x Q = 1- We define a weight 2 Hodge 
structure on H*(X,Z) by H p ' q (H*(X,C)) ■= ®iH p+i ' q+i (X). We set i/*(X,Z) alg : = 
#*(X, Z) n H l ^(H*(X, C)). Let : X(X) -> F*(X, Z) be a homomorphism such that 

0(E) := (ch(£)v/Todd(X)) V 

= (rk(E), - Cl (E), ( Cl (E) 2 )/2 - c 2 (E) + rk(E)). 

Then we see that is injective and the image is H*(X, Z) a i g . We set w := (r, ci, (cf)/2 — 
C2 + r) G H*(X, Z). By the definition of the lattice structure, induces an isomorphism 
: K c — > W" 1 PI H*(X, Z) a i g . There is a homomorphism ^ which makes the following 
diagram commutative: 

K c — Pic(Mf(r,c 1)C2 )) 




♦ H 2 (M^(r,c u c 2 ),Z) 
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If there is a universal family S, then 6 W is given by 



8Jx) 



PM§(r, Cl ,c 2 )* (<&Sy/Todd(X) 



x v 



For Mtf(c), the following is known (cf. [M], [5*5]). 

Theorem 1.14. Let c G K(X)Y lom with rk(c) > or rk(c) = and Ci(c) nef and big. 
Assume that M§ (c) consists only of stable sheaves. 

(1) M£ (c) is an irreducible symplectic manifold which is deformation equivalent to X^ n \ 
where n = A(c)/2 — (rk(c) 2 — 1). 

(2) // A(c)/2 — (rk(c) 2 — 1) > 1, then 6 W is an isomorphism such that 9 W preserves the 
Hodge structure and the Beauville quadratic form qM*(c) coincides with the quadratic form 
associated to the Mukai lattice: (x 2 ) = qM^(c)(^w(x)) . If A(c)/2 — (rk(c) 2 — 1) = 1, then 
9 W is surjective with the kernel 7*w and similar properties hold. 

For the Euler characteristic of an irreducible symplectic manifold, we can use the fol- 
lowing result due to Fujiki (cf. [221 Corollary 23.18]). 

Theorem 1.15. For an irreducible symplectic manifold M, there is a polynomial f(x) G 
Q[x] such that for all D G H 2 (M, Z), 



[ e D Todd(M) = f(q M (D)), 
Jm 



where qu is the Beauville quadratic form on H 2 (M, Z). Obviously f(x) is deformation 
invariant. 

Thus it is sufficient to compute the Euler characteristic of X(v) for the Hilbert scheme 
j'™' of n points on a K3 surface X. In this case, the Euler characteristic is determined 
by [14J (cf. [22, Example 23.19]). 



;i.i6) x (x [n] ,x(v)) 



1 x [n](K v )) 



+2+n- 1 
n 



Now let c G K{X) be general. Then for cf){v) = (rkt>, — ci(v), Ci(v) 2 /2 — c 2 (t> ) + rk(t>)) we 
have 

?m|(c)(^)) = (<P(v) 2 ) = -2ik(v)( Cl (v) 2 /2-c 2 (v) +rk(v)) + Cl (v) 2 = A(t;) - 2 rk(i;) 2 . 

Therefore Proposition II .101 follows from fll,16p . 

If c is a class in K(Y) for a surface Y we want to momentarily introduce the fol- 

Y 

lowing notation. We write M H (c) for the moduli space of iJ-semistable sheaves E on 
Y with ik(E) = rk(c), det(-E) = det(c) and C2(E) = 02(c), i.e. the moduli space with 
fixed determinant. Now let A be an abelian surface, we have a formula very similar to 
Proposition 11.101 
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Remark 1.17. Let c G K(A) be a class rk(c) = 1. Let v G lf c . Then 

, A(v) + rk(«) 2 A(c) /^r 1 + ^ 

x(M H (c),A M ) = ^ ( „ )+ ^ (c) U ( 

Proof. Put n := Then M#(c) = A^, and if Z C Ax A^ is the universal subscheme, 
then the universal sheaf is Xz ®p A (det(c)). Thus for any v E K c we get A(u) = X'(v <S> 
det(c)), where A'(w) is the determinant bundle on A^ = M H (c® det(c) -1 ) defined via 
the universal sheaf Xz- Thus replacing v by v ® det(c) we can assume that det(c) = 0. 
We write r = rk(t> ). Then we get 

X(v) = det(p A[nn (p* A (v)®X z )) = det(p A[ n]„(p^(v) ® 
(L18) = det^,^))®^ ® det(p AH ,(^(det(t;)) <g> 

In the last line we use that det(p A [„] ;t (p^(f ) ® C^)) depends only on rk(t>) and det(f), so 
we can replace v by O^ -1 ^ © det(t> ). Thus by [HI Theorem 5.3] we get 



ci(^) 2 



— (r 2 — l)n 



n 



Finally the condition x{ c ® v ) gives Ci(v) 2 /2 — c 2 (t>) = rn, which is equivalent to C\{v ) 2 /2 = 
r 2 n + ~2^~' The result follows. □ 

It seems natural to expect that a similar formula also holds for rk(c) > arbitrary. The 
simplest formula possible seems to be 

,a , . . , ,. rk(e) 2 A(t>) + rk(t>) 2 A(c) f^- + ^ 



2 



Remark 1.19. Let K be projective surface and let c, v G -K"(y) with rk(t>) = rk(c) = 1 

Y A(e) | y 

and x(c® f) = 0. Then %(M_ ff (c), A(— f )) = ( 2 A{c) 2 ) , in particular x(M H (c), X(—v)) = 
x(M Y H (v),X(-c)). 

Proof. Write c x {c) = L, c x (v) = M, c 2 (c) = I = A(c)/2, c 2 (v) = m = A(c)/2. Let 
Z C y xY W be the universal subscheme. Then the universal sheaf on K x M#(c) = K x y "1 
is J z (8)p y (L). Thus 

\(- v ) = -det(p YV]l (X z ®p Y (L® M))) = &et{p Y{ i U {O z ®p Y {L®M))). 



Thus [H Lemma 5.1], we get x(M^(c),A(-«)) = ( x ^ L f M) ). By the Riemann-Roch 
theorem %(c ® f ) = is equivalent to + = x(L ® M). The result follows. □ 
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1.6. Nekrasov partition function. We briefly review the ^-theoretic Nekrasov parti- 
tion function in the case of rank 2. For more details see [43l section 1]. Let be the 
line at infinity in P 2 . Let M(n) be the moduli space of pairs (E, $), where E is a rank 
2 torsion- free sheaf on P 2 with 02(E) = n, which is locally free in a neighbourhood of 
and $ : E\£ x — > Of 2 is an isomorphism. M{n) is a nonsingular quasiprojective variety of 
dimension An. The tangent space to M(n) at (£,$) is Ext 1 ^, £(-/<»))■ 

Let T := C* x C* and f := V x C*. f acts on M(n) as follows: For (t u t 2 ) G T, let 
F tl)t2 be the automorphism of P 2 defined by Ft u t 2 ([zo, zi, Z2]) 1— > [zo,tiZi,t 2 z 2 ], and for 
e2 G C* let G e2 be the automorphism of Of 2 given by (si,S2) 1— > (e^ si, 62^2). Then for 
(£",$) G M(n) we put (ti,t 2 ,e 2 ) • (£, $) := ((F^ t2 )*E, $'), where $' is the composition 

/p-i wfm ^i^gj ^ / 771— 1 wo© 2 . n® 2 Ge i n® 2 

Wtuta) W\t*o " (A,t 2 J u e oa — * u e x — " u e x 

where the middle arrow is the homomorphism given by the action. 

Notation 1.20. We denote e 2 the one-dimensional T-module given by (ti,t 2 ,e 2 ) e 2 . 
and similar we write ti (i = 1, 2) for the 1-dimensional T modules given by (ti, t 2 , e 2 ) 1— > U. 
We also write ei := e 2 . 

Let £ 1; e 2 , a be the coordinates on the Lie algebra of T corresponding to ti, t 2 , e 2 . Then 
Ei,e 2 ,a are generators of the equivariant cohomology H~(pt) of a point. We relate the 
two sets of variables by t\ = e^ £1 ,t 2 = e f3e2 ,e 2 = eP a , where (3 G C is a parameter. We 
write at := —a, a 2 := a. 

The instanton part of the .fT-theoretic partition function is defined as 

00 

(1.21) Z^iet, e 2 , a; A, (3) := ^((/3A) 4 e -^ £l+£2 )) n £(-1)' chH%M(n), O). 

n=0 i 

Here the character ch is a formal sum of weight spaces, which are all finite-dimensional 
by @2l section 4] . 

Let x, y be the coordinates on A 2 = P 2 \ i^. The fixpoint set M(n) T is the set of 
(Xz 1 , $1) © C£z 2) ^2), where the Zz Q are ideal sheaves of zero dimensional schemes Z a with 
support in the origin of A 2 with len(Z 1 ) +len(Z 2 ) = n, and $ Q (a = 1, 2) are isomorphisms 
of Izji^ with the a-th factor of Of 2 . Write I a for the ideal of Z a in C[x, y\. Then the 
above is a fixpoint if and only if I\ and I 2 are generated by monomials in x, y. The fixed 
point set M{n) T is parametrized by the pairs of Young diagrams Y = (Y]_, Y 2 ) so that the 
ideal I a is generated by the x % y l with [i — 1, j — 1) outside Yj. The total number of boxes 
is \Y\ := \Yx\ + \Y 2 \ = n. 

We use the following notations: For a Young diagram Y let Aj the length of the z th 
column. Let Y' be the transpose of Y and let A^- be the length of the j th column of Y' 
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(equal to the length of the j th row of Y). For s = G Z> x Z> let 

a Y (s) := \i - j, l Y (s) = \' j -i, a'(s)=j-l, l'(s) = i-l. 
Following [13] let, for a,p G {1,2}, 

n^(ei,e 2 ,a;/9) := J] (l - e-^-^W^+^W+i)^^—)^ 

(1.22) 

x J~J / ^ _ e -l 3 (( l Y a (s)+i)ei-aY l3 (s)e2+a l 3-a cl ) 







be the T-equivariant character of (Ext 1 (X^ a ,X^ /3 (— £oo))) V . Then by the Atiyah-Bott 
Lefschetz fixed point formula we have 

(L26) Z K [Ei, £ 2 , a, A, p) — 2^ t M(n) ~ 2s T7 ^? 

where is the alternating sum of the exterior powers. 

More generally we will consider the partition function with 5D Chern- Simons term (see 
[51J): Let £ be the universal sheaf on P 2 x M(n). Consider the line bundle 



£ : = X e (£> p2 ( -4c ) ) - 1 = (det p 2] {£ <g> p\ ¥2 ( -i^ ) ) ) - 1 = det R 1 p 2 , {£ <g> p\ P 2 (-*«,)) ■ 

For an integer m consider the generating function 

00 

Z^i, e a , a; A, 0, r) := ^((/3A) 4 e^( 1+ f X«i+«0)» ^(-l) 4 ch fT(M(n), £ 



1.24) "=° 

x exp ( r ( — n + 



a 2 



^2 



We denote Z™ st (e l5 e 2 , a; A, /3, 0) simply by Z^ st (ei, e 2 , a; A, /3), in particular Z^^i, e 2 , a; A, 
Z£ st (^2,a;A,/3). 
We put 



C^ l (e 1 ,e 2 ,a; (3,r) := exp ^(^a - l'{s)ei - a'(s)£ 2 )J exp (r^ - |Y| + 



a=l s£Ya 

Then we get by localization 



a 2 



£\£2 



;i.25) zr <«,. °; a. ft r) = E m^^pp^ g ft zj 
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(see also |51j). We briefly sketch the argument: Let Y = (Yi, Y 2 ) correspond to a fixpoint 
{Izii $1) © (£ Z21 $2) of M{n). By localization we have to show that 



-l'(s) -a'(s) 
L 2 J 



a=l s£Y a 

as f modules. The exact sequence -> (l Zl ®Iz 2 ) ® 2T(-4o) -> Of-^)® 2 -> C Zl © 
£>z 2 -> induces an isomorphism ^(P 2 , (J Zl © J Za ) ® 0(-4o)) ^ H {O Zl ) © H°{Oz 2 ). 
We have seen that an equivariant basis of H°(Oz a ) is the set |a;'' ( '' s - ) ?/ a ' ( ' s - ) | s G By 
definition 1 2 ) £ T acts by multiplying x by tjf 1 and y by £T . Finally by definition e a 
acts H°(Oz a ) by multiplying with e a . The claim follows. 
For a variables ro, T\ let 

S r (£i,£ 2 ,a;/3,r ,Ti) 

(1.26) / 2 J_ r pP a « / \n \ 

:=exp(j2J2 T p[-2 (l-(l-e-^)(l-e-^)^e-^'^ 1+a 'W £2 )) ). 

a=l p =0 P £l£2 seY a P 

Here [-] p means the part of degree p, where a, e^, e 2 have degree 1. This is exp( J^ =0 r p ch p+2 (£)/[C 2 ]). 

(See [42, p. 59].) Then an easy computation gives that 

(1.27) 

E Y (e 1 ,e 2 ,a;(3, r,m) = Cl m (e 1 ,e 2 ,a; (3, r) exp (m/3(jy| 1 - 2 + (|F 2 | - \Yi D^T 



As a power series in A, Z™ st (e!, e 2 , a; A, /3, r) starts with 1. Thus 
iC st (ei, e 2 , a; A, (3, r) := log Z£ st ( £l) e 2 , a; A, /3, r) 

is well-defined and we put F^fa, e 2 , a; A, (3) : = F^ nst (£ 1; e 2 , a; A, (3, 0), e 2 , a; A, (3) :-- 

Fo mt {e 1 ,£ 2 ,a;A,0). 

We define the perturbation part, see [HI section 4.2] for more details. We set 



P ( , 1 



3 



:i.28) 



- :i .,,(./-|/3:A) := ^ + | (ei + e 2 ) ) + .r log(/3A) 

1 e -/*« 
+ > -- 



n f e 0nei _ l)( e ^ £ 2 _ O 
n>l v ' v ' 



% 1>e2 (x\l3;A) := 7£li£2 (x|/3;A) + 



1 / 7T 2 X 



cm 



eie 2 \Qf3 (3 2 J 

(x log(f3A) + ^-] 
2e l e 2 V 6/3 ^ 12 £l £ 2 



+ x log03A) + — + ^ — log(/3A) 
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for (x, f3, A) in a neighbourhood of \J — lR>o x \J — lR<o x y/— HR>o- We formally expand 
£i£ 2 7 ei)£2 (x|/3; A) as a power series of £1,62 (around E\ = e 2 = 0). Expanding 

K ] (e^-l)(e^-l) ^nV ' 

n>0 



we obtain 



El „-/3nx 
t \ °™ a m - 2 J ; ( P -P x \ 
n ( e ^«i_l)( e ^« 3 _l) 2^ m f h 
n>l K JK ' m>0 

where Li 3 _ m is the polylogarithm (see [13J Appendix B] for details). Here we choose the 
branch of log by log(r • e 1 ^) = log(r) +i<p with log(r) G M for G (—it/2, 37r/2) and r G BL 
We define 7 ei , e2 (— x\/3; A) by analytic continuation along circles in a counter-clockwise 
way. We then define the perturbation part of the partition function by 

(1.30) FP ert (^i^ 2 ,x;A,/3) := -j £l>e2 (2x\(3; A) - j £lte2 (-2x\(3; A), 

Then F^- ert (£!, £ 2 , A, /3) is a formal power series in £i,£2 whose coefficients are holo- 
morphic functions in A G C \ v /r TM< , x G C \ v /r TK<o, /3 G C with 1/31 < fr- 

— — \x\ 

Finally we define 

F m (ei, £ 2 , a; A, /3, r) := F^ v \e u £ 2 , a; A, (3) + log ^ st (£i, £ 2 , a; A, /3, r), 

F TO (ei, £ 2 , a; A, /3) := F m (e 1 ,e 2 , a; A, /3, 0), F K (e h e 2 , a; A, /3) := F (£i, £ 2 , a; A, /3). 

Formally one defines Z m (£i, £2, a; A, /3, r) := exp(F^ ert (£i, £ 2 , a; A, (3))Z^ st (ei, £ 2 , a; A, /3, r) 
and similarly for Z m (£i, £ 2 , a; A, /3), Zx(e\, £ 2 , a; A, /3). 

1.7. More on the partition function with 5D Chern-Simons term. We explain 
how the known properties of the i^-theoretic Nekrasov partition function, obtained in 
|43j . can be generalized to the partition function with 5D Chern-Simons term, at least 
conjecturally. Our explanation is mathematical, so a physical motivation can be found in 
[271 [51] and the references therein. 

This subsection is independent of the rest of this paper, and can be safely skipped. We 
also keep the notation in [13] except we set q 

We consider the general case r > 2, although we only consider the case r = 2 in the 
main part of the paper. Let M(r, n) be the framed moduli space of rank r torsion free 
sheaves E on P 2 with c 2 (E) = n. Let £ be the universal sheaf on P 2 x M(r,n). Consider 
the line bundle 

£ := A^(O p2 (-£ 00 ))- 1 = (det^^^Moc)))- 1 =detR 1 p 2 *(£®p* 1 F 2(-£ O0 )). 
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For an integer m consider the generating function 
(1.31) 

CO 

Z%*(ei, e 2 , a; A, (3) := J2((f3A) 2r e^ {r+m){£l+£2)/2 ) n £(-1)' ch H\M(r, n), C® m ). 

n=0 i 

By the localization formula we have 
Z^ t (e 1 ,e 2 ,a;A,f3) 

where Y is an r-tuple of Young diagrams. The argument is the same as in the rank 2 
case. 
We have 

(1.33) Z^(- £l ,- £2 ,-a;A,/3) = Z i ^ t (e l ,e 2 ,a; A, f3). 

This is a consequence of Serre duality and the equality KM( r ,n) — e _r/3 ^ 1+£2 ^' 1 ([HJ 
Lemma 3.6]). But it also follows directly from 

JJn^(-ei,-e a ,-5;/3) = e^+^l x J]^^,^, 3;/3). 

a,/3 a,/? 



1.7.1. Correlation function on blow-up. Let X be the blow-up of P 2 at the origin of C 2 . 
Let M(r, k, n) be the framed moduli space on X. We define the similar partition function 
^mL( e i) £ 2) Q>\ A, (3) on X by considering 

^(-1)' ch iF(M(r, fc, n), £ 0m ® MC)® d ), 

i 

where £ is defined as in the case of P 2 by taking the universal bundle E over X x M(r, k, n). 
(See [131 §2.1].) As in [43, §2.2], we can write down Z^ d (e h e 2 , a; A, (3) in terms of 
Z™ st (£i, e 2 , a; A, /3). The new factor comes from 



c-i 



( ^(Ox(A; a L7))e Q ) = £ ^-^i + + £ 

a a. a. 

kl 
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Then the blowup formula is a slight modification of [I3J (2.2)]: 



;i.34) Z™l d (e h e 2 ,a;A,(3)= £ 



/3(ei+e 2 )(d-(r+m)/2) 



09A) 



2r\(k,k)/2 p (3(k,a)(d-m/2) 



n 5e A^( £ i ; £ 2,a) 



x exp 

/vinst 
X Z/, 



m/3 ( i(e x + e a ) ^ A£ + J ^ *£a a 



6 a ■ 2 

w V £ 1; s 2 -e h a + e 1 k; e ^(r + m)/2)/2r) A; ^ 



where (fc, a) = ^ — kp){a a — ap), and similarly for (A;, fc). Note that we need to 

normalize a vector k = (k a ) r a=l with = k into I — (hi — -, . . . , fc r — -), as we assume 
a Q = 0. (We took this normalization in [43J without an explanation. It was explained 
in [HI §6].) Under this normalization we have (k, a) = (I, a), l^(£i,£ 2 ,a) = l l -(£i,£ 2 , a), 
n^ Jei, e 2 — £%, a + £\k) = n^Jsi, e 2 — £i, a + £±1), etc. In particular, we simply replace 
k by I in the original partition function with m — 0. However the Chern-Simons term 
requires some care: 



exp 



mj3 | ^ ^ ((a a + £ik a - l'(s)ei - a'(s)(e 2 - £i)) ) 



exp 



/3mA; 




m(3 ^ 


exp 


r 







a). 
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We rewrite (11.341) in terms of I: 

,k 3 mf3 
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^m( £ i> £ 2, a; A, (3) = expC^P(e 1 + e 2 )) 



6r^ 



x E 

{0=-k/r 



(exp [/3( ei + e 2 )(d + m (-f + |) - 0] (/3A) 2r ; 



CO/2 



;i.35) 



x exp 



x exp 



1 A; 

/3(Z,a)(d + m(-- + -)) 

2 r 



x Z^ st (e!,e 2 -£ 1 ,a + £ 1 l\exp 
x ^™ st (£:i -£2,£2,a + e 2 /;exp 



2 

2r 
2r 



d + m 
d + m 



1 fc 

1 k 

~2 + r 



A,f3) 
A,/3). 



Here {1} = —k/r means that the fractional part of l a is independent of a and equal to 
—k/r. 

By Serre duality we have 

Zm%,d( £ ii £ 2, a; A, /3) = ^^,fc !r _d(— £i, — ^2, —a; A, /3) 
thanks to [4"3"l Lemma 3.6]. It also follows from (ll.34p and (11.331) together with 



n' 

aeA 



k < £ X ,-£ 2 ,-a) = e-f*^ 



aeA 



{£ 1 ,£ 2 ,a) 



1.7.2. TTie perturbation part. In [4~3| Sect. 4.2] one of the reason of the introduction of the 
perturbation part was to simplify the the blowup formula. As we have an extra factor 



exp 



mpl -(ei+S2)J2 l «+ll2 l « a <*) 

\ & a / 



we need to modify the perturbation part so that it is absorbed in the full partition function. 
The answer is the cubic term: 



exp 



— m 



a=l 



Ge 1 £ 2 



We have the difference equation 



x 



&ei£ 2 



+ 



ei— »ei 1 z 

£2— >£2— £l 



X 

£2^£2 



Z^T _ (gi + £ 2 )Z 3 

~2 6 ' 
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We thus define 

- a 3 

F m (e u e 2 , a; A, 0):= ^ -J B1 ^{(S, a)|/3; A) - m/3 + log ^ st (ei, £ 2 , a; A, /3) 



i^.fc.dCei, £2, a; A, /3):= V -7 ei ,e 2 ((a, a) 1/3; A) - m/3 V — ^- + log 2g d (ei, e 2 , a; A, 0) 



where 7 £l , £2 is as in (11.281) . Note that the term Y7 a =i disappears when r = 2 thanks 
to the condition ax + a 2 = 0. We formally define 

Z m (e 1 , e 2 , a; A, /3):= exp(F m (£i, e 2 , a; A, 0)), 

Z m ,k,d( e ii £ 2, a; A, /3):=exp(F mAd (e 1 ,E 2 , a; A, /3)). 

The blowup formula is 

(1.36) 

(4(d + m(-| + J))-r)(r-l) 



J m,kA 



[e 1 ,£ 2 ,a;A,0) = exp 



48 



+ 



A- 3 



m 



6r 2 



x ^ Z rn (e 1 ,e 2 - e 1 ,a + e^exp 

{l}=~k/r 



Pa 



2r 



. 1 k \ r 



x Z m {e x - e 2 , £2, a + £ 2 ^; exp 



/3f2 
2r 



d + m 



1 
2 



/3(ei + e 2 ) 
A,/3) 
A,/3). 



This is exactly the same as [431 (4.9)] with the replacement d — > d + m(— 1/2 + k/r). 

1.7.3. ^4 conjectural blowup equation. For the original A'-theoretic Nekrasov partition 
function we have a blowup equation [331 Th. 2.4 and (4.9)], which determines the par- 
tition function from its perturbative part. It was derived from vanishing of higher di- 
rect image sheaves of a determinant line bundle fi(C) with respect to the projection 
7?: M(r, 0, n) — > N(r,n), where N(r,n) is the Uhlenbeck compactification of the framed 
moduli space of locally free sheaves on P 2 , denote by Mq(t, n) in |43j . 

The proof of the vanishing theorem cannot be carried over to the partition functions 
with Chern-Simons terms. But a numerical computation suggests 



1.37) 



Z^Uei, £2, a; A, 0) = Z^ st (£i, £ 2 , a; A, 0) for < d < r, \m\ < r. 



This is exactly the same what we have proved for the original K-theoretic partition func- 
tion, i.e. m = in [13]. It seems likely that the left hand side can be always written in 
terms of the correlation function, which is the holomorphic Euler characteristic of certain 
(virtual) bundles on M(r,n). But it can be written as above only in the limited range of 
d and m. In fact, we check the above equation holds in a slightly wider situation when 
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r = 2, m = 1: it seems to hold for 0<d<3 = r + m. But we also check that when 
r = 2, m = 2, the above is not true for d = 4. 

We have the following analogs of [43], Lemma 4.3, Theorem 4.4]: 

Proposition 1.38. Suppose ( I1.37P holds and assume \m\ < r. Then 

(1) 2%*{e x , -2 £l , a; A, (3) = 2%?{2e x , -e u a; A, (3). 

(2) Eie 2 \ogZ l ™ t (Ei,E 2 ,d] A, (3) is regular at (e 1 ,e 2 ) = (0,0). 

We only give the proof of (1), as the proof of (2) is exactly the same as the original. 

Proof. By ( 11. 33ft we may assume m < 0. By the assumption we have ( 11.371) for d = and 
d = r + m. Note that we have O^r + masm / — r. 

Let us put (3 — 1 for brevity. We take the difference of both sides of fjl.34j) with 
d = r + m, after setting e 2 = —S\. We have 

(Z n ( £l , -2e x , a) - Z n (2 £l , a)) ( e ('+»»W2 - e -(r+™W2) 

e r&Wz v ( £l , -2ei, a + e 1 jfe)Z,(2ei, -ei, a - eifc) 



(fc,fc)/2+H-Z'=n 



x exp 



^ Vfc 2 a 

2 <* a 



x | e {r+m)(k,S)/2 e (r+m)(l'-l)ei/2 _ e ~(r+m)(k,a)/2 e -(r+m)(l' ~l) ei /2 



where we expand Z™ st as 

ZZ st (e 1 ,e 2 ,d;A,f3 = l) 



y^ j Z n (e 1 ,e 2 ,a)A 



2rn 



Let us show that Z n (si, —2e\, a) = Z n (2e x , —£i, a) by using the induction on n. It holds 
for n — as Zq — 1. Suppose that it is true for l,m < n. Then the right hand side of 
the above equation vanishes, as terms with (k, I, I') and (—A;, I', I) cancel thanks to [4"3| 
Lemma 4.1(1) and (4.2)], and the term (0, /, /) is 0. Therefore it is also true for n. □ 

We expand eie 2 log Z(si, e 2 , a; A, (3) as in (14.11) . The following can be proved exactly as 
in pi (4.11)]: 



Proposition 1.39. Suppose (1 1.37ft holds and assume \m\ < r. Then 



exp 



8r 2 



r + m 



zs independent of d = 0, 



(9 log A) 2 
, r . i/ere 



e. 



(3 



27rV^T2r 



r + m 



<9 2 -F 



9 log Ada 
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and Q E is the Riemann theta function with the characteristic 1 (~, |, . . . , ~). (See 
Appendix B] for convention.) 

We call this the contact term equation. 

As Qe is an even function, the above holds for d if and only if it holds for r + m — d. 
In particular, the above expression is independent ofO<d<r + m for m > 0, and 
m < d < r for m < 0. 

We will prove that the Seiberg-Witten prepotential defined via the periods of hyperel- 
liptic curves satisfies the same equation and has the same perturbation part in £|A] As 
the contact term equation determines the instanton part of the prepotential recursively 
from the perturbation part, we get 

Theorem 1.40. Suppose (11.371) holds and assume \m\ < r. Then JF coincides with the 
Seiberg- Witten prepotential defined in flA.5j) . 

As we have (1 1.37ft for the case m = 0, we have the assertion without the condition in 
this case. This is the proof of Nekrasov's conjecture for the F-theoretic partition function 
[17]. See [H] for another proof. 

By Proposition II. 38( 1) the next coefficient H(a; A, f3) of the expansion (14. ip comes from 
the perturbation part: 

Proposition 1.41. Suppose (I1.37P holds and assume \m\ < r. 

H(a;A,0) = -n\^l(a, p). 

1.7.4. Genus 1 parts. Next we turn to the genus 1 parts of the expansion (14. ip . When 
r = 2, m = 0, we determined A, B explicitly as theta constants in [43J. So we assume 
r = 2, m = 1. Let Fi = A - \B, G = \B. 

We have [HJ (4.11)] if we replace d by d — y. (Note that this is k = case.) Taking 
d = 1 (and r = 2, m = 1) we have 

(3 2 d 2 F ] n f (3 dFo 



1.42) exp(G - Fx) = exp 

We assume 



128 (<91ogA) 2 J " 01 VieTrv^^logAaa 



T 



(1.43) Z i ™l d (e 1 ,e 2 ,d;A,/3) = 

for < k < r, < d < r. Then we have [4^1 the first displayed equation in p. 515] if we 
replace d by d + m(— 1/2 + k/r). We take k = 1, d — 1 (and r = 2, m = 1). Then we 
have exactly the same equation as in [43]. Therefore we get 

G+ F 1 = —log ^nq's f[(l - q d ) 3 ^j + C 
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where C is a function on A. Here q = exp(27r^/— It) = exp(—d 2 F/da 2 ) and the convention 
is different from that in [13]. Combining with (11.421) . we get 



expFi = CV 1/48 *[[(! ~ /r V2ex P 



d=l 



f3 2 d 2 F 



0, 



01 



(3 



lGTrv/^TSlogASa 



-1/2 



256 (<91ogA) 2 _ 

for C = C'(A). By the same argument in [131 p. 515] we have C = 1. Let us briefly 
recall the argument and explain how it is modified in our case. The proof is based on the 
observation that ?7(t/2) expFi depends on A in the form C[[d i2 A 4 ]], where £i,2 = j^^gs 
(see §4.11) . There is an extra factor exp(m/3a(|y 2 | — l^ 1 ])) coming from the Chern-Simons 
terms. Hence the coefficient of A 4 ™ is divisible by exp(mn/3a)C™ 2 . Under our assumption 
m = 1, we cannot get a term which is constant with respect to a. Therefore 

(1.44) 



exp F 1 = q 



-1/48 



Q 



-1/2 



exp 



d=\ 
oo 



(3 2 



ex P G = g- 1 / 48 J](l-g d )- 1 / 2 exp 



d=i 



256 (d log A) 2 
/3 2 d 2 F 



01 







dF 



0, 



256 (<91ogA) 2 J " 01 VieTrv^TSlogAaa 



levrv^l dlogAda 
(3 dF 



T 



-1/2 



1/2 



2. Computation of the wallcrossing in terms of Hilbert schemes 

Let X be a simply connected smooth projective surface with p g = 0. In this section we 
will compute the wallcrossing of the .fT-theoretic Donaldson invariants of X in terms of 
the holomorphic Euler characteristic of certain sheaves on Hilbert schemes of points on 
X. Later we will specialize to the case that X is a smooth toric surface and relate this 
result to the .ff -theoretic Nekrasov partition function. 

Notation 2.1. Let t be a variable. If Y is a variety and b G H*(Y)[t], we denote by [b]d 
its part of degree d, where elements in H 2n (Y) have degree n and t has degree 1. 

If R is a ring, t a variable and b G R((t)), we will denote for i G Z by [b] t i the coefficient 
of f of b. 

If E is a vector bundle of rank r on Y, let f\_ t E := ^(-l^A'^f G K(Y)[t], 
and let S t (E) := where S l (E) is the i th symmetric power of E. Note that 

2.1. The wallcrossing term. Denote by C the ample cone of X. Then C has a chamber 
structure: For a class f G # 2 (X,Z)\{0} let iy f := {x G C | (ac,f) = 0}. Assume ^ 0. 
Then we call £ a c/ass o/ (ci,d) and call a wall of type (c\,d) if the following 
conditions hold 

(1) £ + ci is divisible by 2 in # 2 (X, Z), 

(2) d + 3 + £ 2 > 0. 
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We call £ a class of type c±, if £ + c\ is divisible by 2 in H 2 (X, Z). The chambers of type 
(ci,d) are the connected components of the complement of the walls of type (ci,d) in C. 
Then M# (ci, d) depends only on the chamber of type (ci, d) of H. 

Let £ G H 2 (X,Z) by a class of type c±. We say that £ good and is a good wall if 
£) + K x is not effective for any divisor D with W^ Cl ( D ) = W^. A sufficient condition for £ 
to be good is that contains an ample divisor H with H ■ K x < 0. One can show that 
an ample divisor H is general with respect to (2, ci, c 2 ) if and only if if lies in a chamber 
of type (ci, 4c 2 — c 2 — 3). 

Let £ be a class of type ci. Let X^ be the Hilbert scheme of subschemes of length n 
on X. Let Z n (X) C X x X^ be the universal subscheme. Let X\ (resp. X 2 ) be the sheaf 
Pi,2@z n {x)) (resp. pI )3 (Xz m (x)) on X x x JH. W e also denote ^ := Xi(^) and 
jr 2 ;= j Z2 (£i_d ? ). Note t h a t = Mf (1, ^,n) and iH = Mf (1, ^,m) and J^, 
JF 2 are the corresponding universal sheaves. Let f\, / 2 G K(X) be the classes of elements 
of M§(1, ^,n) and M% (1, ^,m) respectively. 

Let p : X x X^ x iW -> X^ x X^, g : X x X^ x XH -> X be the projections. 
Let „4 5i _ := -p,(X^ (8) X x <g> g ! £), := -p ! (X 1 v ® X 2 <g> g ! £ v ) G X(XN x jW). We also 

just write A_ and A + instead of A$-, A^ t+ . 

Now assume £ is good. Then ExtJ(X 2 ,Xi(£)) = ExtJ(X 2 ,Xi(£)) = and we will write 
At- for its representative Extp(X 2 ,Xi(£)), which is a locally free sheaf on X^ x Xt m l 
Similarly we write A$ :+ for the locally free sheaf Extp(X 1 ,X 2 (— £)), and we put P_ : = 
P(.4.Y.) and P + := P(*4.+) (we use the Grothendieck notation, i.e. this is the bundle of 
1-dimensional quotients). Let ir± : P± — >■ X^ x X'" 1 ' be the projection. 

Definition 2.2. Fix a G H 2 (X,Z), and let u G X(X). Let £ G H 2 (X,Z) be a class 
of type ci. We denote X (fi ® v) = x(X Zl (^ <g> u)), xl/2 ® u) = x(^z 2 (^ ® v)) for 
(Zi, Z 2 ) G I w x iH. By the Riemann-Roch-Theorem we see that 

^..n ../x ^..u /£ .,(i)\ , rk H 



(2.3) -( X (/ 2 ®v)- X (fi ®v)) = -(±, vW) + -f^(n - m). 

In particular it only depends on rk(t> ) and Ci(v), and it is independent of n, m if rk(t>) = 0. 
The wallcrossing terms are 

(2.4) 

A X (V \) - V A " J X [n] x X [m] \ 

d=4(n + m) + f 2 -3 

Af (v;A) := [Af T (v;A)] T o - [A* T (u; A)] (r -i )0 . 

Here the right hand side of the first equation is understood as a rational function in T 1 / 2 
as follows, and [«]t°, [•](t- 1 )° denote the constant terms of the expansions at T 1 / 2 = 0, 
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T 1 / 2 = oo respectively. We formally apply the Hirzebruch-Riemann-Roch theorem to get 



X (x [n] x X [ 



A-tC^ + )A-T-*C^- 



ch(A^))ch(A^)) . Todd(xMxX [, 



chA_ T (^; + )chA_ T -i(^ 

Then we consider ch A-r(^,+)> ch A-t-i(^,-) as End(H*{X^ x X H))- va lued Laurent 
polynomials. Their inverses are defined as their cofactor matrices divided by their de- 
terminants (which are equal to (1 — T) rk ^.+- ) , (1 — T~ 1 ) rk ^.-- ) ) respectively. Then their 
inverse are in End(H*(X [n] x X [m] )) ® Q Q(T). Thus the integral is an element of Q(T). 
This way of understanding the formula will become more apparent when we will consider 
the equivariant wallcrossing term in §[3j In that case we can interpret the formula so that 
the computation is done in the localized equivariant .ff -theory. 

The expansions at T = 0, T = oo can be also understood differently. Note that for a 
vector bundle E of rank r we have 
(2.5) 

Thus Af T (v;A) can be developed as Laurent series both in T 1//2 and in 

\ d ( —TY k ( A -} / 



(2.6) 



(2.7) 



n,m>0 
d=4(n + m)-£ 2 -3 



det(^,_) ® 5 T (^, + ) ® S T (As,-)) G Z((T§))[[A]], 



A? r (v; A) = V ^— — '-— -x(x [n] x IN u ( v ) <g> A^(v) 



n,m>0 
d=4(n+m)-£ 2 -3 



® det(^, + ) ® Sr-i(^,+) ® St-i(^_)J G Z((T"*))[[A]]. 

Then [A^ T (v; A)] T o is equal to the coefficient of T° of (EE]) and [A£ T (u; A)] (t- 1 )" is equal 
to the coefficient of (~)° of (12.71) . However note that it was not clear the expressions 
are in Z((T))[[A]] or Z((T _1 ))[[A]] in the original formulation in terms of the Hirzebruch- 
Riemann-Roch theorem. 

Remark 2.8. Fix ci, d and let c G K(X) be the class of an element in M^(ci, d). Let v G 
K(X). Then either \(xU2®v)-xU'i® v )) € Z for all n,m G Z> with 4(n+m)-£ 2 -3 = d, 
or |(x(/2 <8> u) — ® 0)) G Z + i for all such n, m. In the second case the coefficients 
of A d of [A^x(f,A)] T o and [Af^u, A)W-i\o are trivially 0. 
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On the other hand, if v G K c , then x(/ 2 ® v) — — x(fi ® v) and thus \{x{f% ® v) — 

x(h ® v)) = x(/ 2 ® v) ez. 

Remark 2.9. Let u G K[X) be a class of rank 0. Let £ be a wall of type (ci, d). Let 
Z = ±t|ti!. Fix / > 0. Write d := 4/ - £ 2 - 3. Note that by P2J Lemma 4.3] 

(2.10) rk(A-) = - ^- 2 Kx) +l-l, MA + ) = - ^ + 2 Kx) + l-l. 

Note that by definition the coefficient of A d of A?(u; A) is zero if — rk(^4 + ) < — (£/2, ci(u)) < 
rk(.A_). By (l2~T0l) it thus follows that that the coefficient of A d of Af (L; A) is unless < 
Z < |(f,c 1 (w)+ii: x )| + l + f , which is equivalent to -£ 2 -3 < d < £ 2 + |(2£, c x {v)+K x )\ + l. 
In particular A^(w; A) G C[A] . 

The aim of this section is to prove that the wall crossing for the if-theoretic Donaldson 
invariants can be expressed as a sum over A x (v ; A). 

Proposition 2.11. Fix c\,d, let c G K(X) be the class of an element of M^(ci,d). Let 
v G K c . Let H~, H + be ample divisors on X, which do not lie on a wall of type (ci,d). 
Let B + be the set of classes £ of type (ci, d) with (£ ■ H + ) > > (£ • //_) . Assume that all 
classes in B + are good. Then 

X (M* + ( Cl , d), X(v)) - X (M§_ (c 1; d), X(v)) = [Af («; A)] A „. 
In the rest of this section we will show Prop. 12.111 

M§(ci,d) and thus x{^h ( c 1j -M 1 ")) * s constant as long as H stays in the same 
chamber of type (ci,d) and only changes when if crosses a wall of type (ci,d). By [T2] . 
[T6] the change of the moduli spaces can be described as follows. Let Ba be the set of all 
£ G B+ which define a wall of type (ci, d). For the moment assume for simplicity that Bd 
consists of a sine; le element f . Let Z := (d + 3 + £ 2 )/4 G Z> . Write M 0j/ := M§_ (c u d). 
Then successively for all n — 0, . . . , Z write m :— I — n. Then one has the following: 
-^n,m contains a closed subscheme _E'"' m isomorphic to P™ ,m and M n)m is nonsingular in a 
neighbourhood of E™ ,m '. Let M„ )m be the blow up of M„ im along ^™ ,m . The exceptional 
divisor is isomorphic to the fibre product D n ' m := P™' m X^Mx^M P+ m . We can blow 
down M n m in _D n ' m in the other fibre direction to obtain a new variety M n+l m _!. The 
image of D n,m is a closed subset _E"' m isomorphic to P"' m and M n+ i im _i is smooth in a 
neighbourhood of £ , "' m . 

The transformation from M n ^ m to M n+l m _ 1 does not have to be birational. It is possible 
that El' m = 0, i.e. A+ = 0. As rk(A_) + vk(A+) + 2Z = d + 1, this happens if and only if 
E™' m has dimension d and thus by the smoothness of M n ^ m near E™ ,m , we get that E™ ,m is 
a connected component of M n ^ m . Then blowing up along E™ ,m just means deleting E™' m . 
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Thus in this case M n+ i jm _i = M n>m \ E^'™. Similarly we have _E™ ,m = ; i.e. A- = 0, if 
and only if _g™ ,m i s a connected component of M n+ i jm _i and M n+ i im _i = M n ^ m U E"' m . 
Below, if the transformation from M n m to M n+ i tTn _i is birational, we say we are in case 
(1), otherwise in case (2). Finally we have Mj + i ( _i = M§ (ci,d). If consists of more 
than one element, one obtains Mjj + (ci,d) from Mh_(ci, d) by iterating this procedure in 
a suitable order over all £ G EL. 

Fix £ in B d . Fix n, m G Z> with n + m = I := (rf + 3 + £ 2 )/4. We write M_ : = M n>TO , 
M + := M n+ i i?n _i. Let £-t be universal sheaves on X x M± respectively. Let EL := E™' m , 
E + = E™' m . Let M be the blowup of M_ along E_, and denote by D the exceptional 
divisor (which is also the exceptional divisor of the blowup of M + along EL). Write 
D' := X x D and let j : D -> M, / : X x E> -> X x M be the embeddings. Let £L 
be the pullbacks of £ + to X x M. 

Notation 2.12. We denote by T_ (resp. T + ) the universal quotient line bundle on P_ = 
P(.4^) (resp. on P + = F(A+)). For a class a G H*(X) we also denote by a its pullback to 
X x Y for a variety Y. We write also for the pullback of T\, X 2 to D' and we write 

T + , T_ also for their pullbacks to D and E>'. 

By the condition %(c <8> f ) = 0, we can replace ^(xC/a <8> f) — x(/i ® ^)) by x(/2 ® ^)- 
We will show 
(2.13) 

X (M + , \ I+ (v)) - x{M-As_ («)) = V x XH,^( V ) ® ^( v ) 

-t) rk ^-)S t (^) (8) S t L4_) (8> detL4_)l r(-ty k ^S t (A v _) <g> St(Ai-) ® detL4 + 



f-x(f2®v) 



Formula (12.131) implies Proposition 12.111 by summing over all £ G EL, and over all n,m 
with n + m = (d + £ 2 + 3)/4. 

Assume first that we are in case (1). Note that this is equivalent to both rk(^4_) and 
rk(.A+) strictly positive, and then it is evident that the first (resp. second) summand on the 
left hand side of (12331 vanishes if x(/ 2 ®v) < (resp. if x(fo®v) > 0). Let vr ± : M -> M± 
be the blowup morphisms. By [TT| Prop. VI. 4.1] and its proof, W'K^O-r^ = for i > 0, 
and 7r±*C^ = C A/± . Thus the projection formula gives x(M±,L) = x(M,ir±L) for any 
line bundle E on M±. Therefore it is enough to prove (12.131) with the left-hand side 
replaced by X (M, \ e+ ( v )) - X (M, X £ _(v)). 

Lemma 2.14. In K(M) we have 

Afi+(u)- A £ _(u) — — 7r*(A^(v)® A^»J| : =t_J. 
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Proof. By [T21 section 5] there exists a line bundle /ioiiD such that 

(2.15) _ 
(j')*£- = Fx ® \i + T 2 ® TZ 1 ® n in K(D'), £+ = £_- ® TZ 1 <8> fi) in if (X x M). 

Thus we get X £+ (v) = X £ _ (v) ® det (pi(v ®£(F 2 ® TT 1 ® Note that pi (v ® < 7*(.F 2 ® 

TT 1 ® //)) is a coherent sheaf of rank x(f ® /2) on D. As is a Cartier divisor, it follows 
that 

X £+ (v) = X e _(v) ® det( X (/ 2 ® iOPd]) -1 = M") <g> det^-D))**^. 

For the second equality we have used that Od = ~ @m(~D) in K(M) and thus 
det(0 D ) = det{0^{-D))-\ Thus we get in K(M) that 

A £ » - = {Ojgi-Dyto** - 1) ® A £ _(<;) = — J*(A g »))| f=r+0T _). 

In the last step we have used that for a locally free sheaf Q on M we have (1 — Oj^(— D)) <g> 
Q = j*(j*G) in K(M). As the determinant bundles are compatible with pullback we obtain 
by (12151) that 

(2.16) = tt*(X^(v) ® A^(v)) ® M x(/i®«)+x(/2®«) Tr x(/2®«) 

= vr*(A^)®A^))®Tr x(/2M 

In the last step we use that x(/i ® u ) + <8> f ) = 0. The result follows. □ 

In case x(/2 <E> f) = the left hand side of Lemma [2.141 is obviously 0. Thus we only 
need to show (I2.13P in the cases x{h <8>v) > and x{h <8> v) < 0. 
(a) x(/ 2 ® f ) < 0: We apply the formula 

(2.17) ^ ^ = 2/- 1 ^^ T = £ a;V 6 , c G Z >0 

1 — xy x — y 1 



a + b— c 
a>0, b>0 



for x = T_ , y = T + to Lemma 12.141 to obtain 

A £+ (v) - X e _ (v) = U ( £ ® T- fe (g) 7r* (A^ (u) ® A^ 2 (t;)) 



a + 6=-x(/2®") 
a>0, 6>0 



in K(M). Let £ be a vector bundle of rank e on a variety Y and let p : P(£ v ) — > y be the 
projection and 0(1) the universal quotient line bundle on P(£ v ). Then by [231 Ex. III. 8. 4] 

V(£ v ) n>0, 
Pi(0(n)) = <j (-lf- l S- n - e (E) ® det(£) n < -e, 
otherwise. 
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Let 7T : D = P(^) x xWxxW P(^) -> l'"' x jW be the projection. Then we get using 
the projection formula 

(2-18) ^ 

X (M, A^ + (v)) - X {M, X e _ (v))= Yl * ( D > T ~ ® T ^ 6 ® ^ ( A * ( v ) ® A *» W)) 



a + b=-x(/2®f ) 
a>0, i)>0 



£ (_1)^(xWxXM^(»)0^(») 



a + 6=-x(/2®«') 
a>0, t»() 



(8) 5 a (^!) <g> 5 fe - rk( - 4+) (^ + ) ® det(A| 



_ (-t) rk ^+) g ® S t (A+) ® det(A, 

(b) x(/ 2 <8> f ) > 0: The formula (12.1 7p for x = T + , y = T_, gives 

A £ » - \e_{v) = — j* ( J] T« ® TT 6 ® tt*(V» ® A^(v)) 

a>0. i)>0 

Then the same arguments as in the case x(/2 <8> v) < show that 



t° 



a+i)=x(/2®' ! ') 
o>0, 6>0 



(_t)r*(>U) g, 5t (^V) g, £^_) g, det (^_)) 



In case (2), we can assume by symmetry that P + = 0, thus .4.+ = and A- has rank 
d + 1 — 2(n + m). Then we have 

x(M + ,Aj + (u))-x(M_,A5_(i;)) = - X (P_,A (j . . ( j_ ) (t;)) 

where j' : I x P_ -> I x M_ is the inclusion. The same argument as in the proof of 
(12.16!) shows that 

Note that differently from case (1) this is not zero when x(f2 <S> f ) = 0. Now the same 
arguments as in the proof of (I2.18P show that — x(P_, ^(j>)*(s_)( v )) is equal to 

-x{X [n] x X^ m \\ Tl {v) <g> A^» ® 5- x(/20t,) (^-)) 
in case x(/2 <£> v) < 0, and to 

(_l)rk(^l-) x ( X [n] x X [m] j A ^^x g ^(A^-rkOL)^) g det(^_)) 

in case x(/ 2 ® f ) > 0. As S t (A+) = 1, this shows (12.131) also in case (2) and thus finishes 
the proof of Proposition 12.111 
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3. Comparison with the partition function 

For the next two sections (except in §4.6p let X be a smooth projective toric surface 
over C, in particular X is simply connected and p g {X) = 0. X carries an action of 
T := C* x C* with finitely many fixpoints, which we will denote by pi, . . . ,p x , where x is 
the Euler number of X. Let w(xi), w(yi) the weights of the T-action on T p .X. Then there 
are local coordinates x^Xji at p u so that (ti,t 2 )xi = e~ w<yXi ^Xi and (ti,t 2 )yi = e~ w ^yi. By 
definition w(xi) and w(yi) are linear forms in e\ and e 2 . For (3 G H£(X) or ft £ iff (X), 
we denote by L*f3 its pullback to the fixpoint pi. More generally, if T acts on a nonsingular 
variety Y and W C Y is invariant under the T-action, we denote by : H£(Y) — > H£(W) 
the pullback homomorphism. 

Note that Tx and the canonical bundle are canonically equivariant. Thus any polyno- 
mial in the Chern classes c$(X) and Kx is canonically an element of H£(X). 

3.1. Equivariant X-theoretic Donaldson invariants and equivariant wallcross- 
ing. For t G T denote by F t the automorphism X — > X;x h- > t ■ x. Then T acts 
on JH x iW by t • (Xy,Xy 2 ) = ((F t -1 )*I yi , (F t _1 )*Iy a ) and on X x X^ x l'™' by 
t • (x,Xy i; Xy 2 ) = (F t ~ )*Xy i; (F 4 _1 )*Xy 2 ) and the sheaves Xi, X 2 are T-equi variant. 

If we choose an equivariant lifting of c± and £, then also .Fi, T 2 are T-equivariant sheaves. 

We write X 2 := X U X and xf := U n +m=i x[n] x xH - The fixpoints of the T-action 
on x| are the pairs Z 2 ) of zero- dimensional subschemes with support in {pi, . . . ,p x } 
with len(Zi) + len(Z 2 ) = I and such that each Iz a , Pi is generated by monomials in x^yi. 
We associate to (Z u Z 2 ) the x-tuple (Y 1 , . . . , Y x ) with Y" 1 = (Y/ , Kj), where 

Yi = {(n,m) G Z >0 x Z >0 | x^y?' 1 t h a , n }. 

We write |Y^| for the number of elements of Y^ and |Y l | := |Y x l | + |Y 2 l |. This gives a 
bijection from the fixpoint set {X^) r to the set of the x-tuples of pairs of Young diagrams 
(Y\...,Y*), with £JY*|=Z. 

Similarly T acts on X x M%(c u c 2 ) by t • (ar, E) = (F t (x), (Ff^E). Assume for the 
moment that there exist a universal sheaf £ over X x Mf (ci,d), then one can show that 
£ has a lifting to a T-equivariant sheaf, unique up to twist by a character. 

The definition of the determinant bundles and the X-theoretic Donaldson invariants is 
easily generalized to the equivariant case. If Y is a variety with an action of T, we denote 
by X r (Y), X or (X) the Grothendieck groups of T-equivariant coherent sheaves and V- 
equivariant locally free sheaves respectively. xi u ® v ) '■ K r (X) 2 — > Z is still a quadratic 
form. The formula (11.11) defines a homomorphism X r (X) — ► Pic r (5*), where now S is 
a scheme with a T-action, and £ a flat family of T-equivariant coherent sheaves of class 
c G X(X) num on X, flat over S. For c G X(X) num we define K^,K^ H C X r (X) by the 
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same formula as in section 11.11 In the same way as in 11.11 there are homomorphisms 
A: K v c -> Pic r (Mf (r,c 1 ,c 2 ) s ), A: K v cH -> Pic r (M^(r, ci, c 2 )), which commute with the 
inclusions A^h C K T C and Pic r (iWA" (r, ci, c 2 ) s ) C Pic r (M^ (r, Ci, c 2 )). If if is general with 
respect to (r, Cx, c 2 ), then A: A^ — * Pic r (M^ (r, ci, c 2 )) can be extended to X c . For a 
flat family £ of equivariant stable sheaves on X parametrized by S, A and A^ commute 
with the pullback 4>* £ : Pic r (M^(r, ci, c 2 )) — > Pic r (5') by the classifying morphism. 

Let v G , where c is the class of an element of (ci, d), where d = 4c 2 — c\ — 3. 
Assume that H is general with respect to (2, cx, c 2 ). If Y is a variety with a T-action and 

G X or (y), we denote 

(3.1) V^^-vr.HGC^ 1 ,^ 1 ], 

where 7r : K — > is the projection to a point. The equivariant K-theoretic Donaldson 
invariant of X with respect to v,Cx,d,H is x(M§ (ci, c?), A(t>)). If L is a T equivariant 
line bundle on X with (cx{L),cx) even, let f(L) G K\ be an equivariant lift of the class 
defined by JE3J and //(A) := A(u(L)) G Pic r (M* (ci, <*))■ We put x{M§(cx, d), fi(L)) and 
xg(L;A) := J2 d > A d x(M§(cx,d),»(L)). 

Definition 3.2. Let v G A(X). Let £ G H 2 (X, Z) be an equivariant lifting of a class of 
type Ci. Then T 1; X 2 , JF 1; JF 2 . ^ )+ and are in a natural way equivariant sheaves 
on X™ x X' m l (resp. elements in K r (X^ x X^)), and the equivariant wallcrossing 
terms Ajf T (v;A), Af(v;A) are defined by the right-hand side of formulas ( 12.41) . with 
the holomorphic Euler characteristic \ replaced by the equivariant pushforward % to a 
point. Now A* T (v ; A) can be understood by localization in equivariant A-theory on 
X [n] x X [m]_ Then a* t ( w; A) e A-« 2 - 3 Q(t 1; t 2 ,T5)[[A]]. Then using (TJU) we can view 
A* T (v; A) as an element of A~^- 3 Q[tf 1 , tf 1 ]((T^))[[A]], and [A^ T (v; A)] T o is its coefficient 
of T°. Similarly using (T22D, A^ T (t>; A) is an element of A-* 2 - 3 Q[tf\ 1 ](( T_ ^))[[ A ]]> and 
[A^r(u;A)](r-i)o is its coefficient of (T^ 1 ) . In particular Af(v; A) G Q[tf\ tf 1 ] [[A]], and 
Af'( V ;A)| tl=ta=1 = Af(v;A). 

Let c G A(X) be the class of an element of M§ (ci, d). In the same way as in Remark 
12.81 we see that the coefficient of A d of A^ T (t>;A) is either in T^Q(t 1; t 2 , T) (and the 
coefficient of A d of A^(v\A) is 0) or in Q(ti,t 2 ,T). If v G K^, then the coefficient is in 
Q(tx,t 2 ,T). 

Let v G K\. Under the assumptions of Proposition 12.111 let B + be a set consisting of 
one equivariant lift £ for each class of type (ci, d) with (£ • > > (£ • Then the 
same proof as before (with all sheaves and classes replaced by their equivariant versions) 
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shows that 



x(Mh + (ci, d), X(v)) - x{M§_ (d, d), A(«)) = i A f(^ A )1a-- 

Now we want to give a formula expressing A^ T (w; A) in terms of the K-theoretic 
Nekrasov partition function Zk- For the rest of this section let £ be an equivariant 
lift of a class of type c\ y and let u G X r (X). We first give, up to a correction term, an 
expression for A^ T (v, A) in terms of the instanton part. Then we show that this correction 
term is given by the perturbation part. 

Theorem 3.3. Let v G K T (X). 

= ("(^ - {TOdA f )Kx) + (|2ch( t ,)exp(c 1 /2)Todd(.Y)] 3 > 

+ ^. 4 ,, ) (« l W,i.W, Ae-^^.^tdW + ^fl(d - Ax))) 

1=1 

Note that the left-hand side lies in (/3A)~ ?2 ~ 3 Q(e £l , e £2 , e t/3 )[[(3A]]. In the course of the 
proof we will also have to show how one can interpret the right-hand side, so that both 
sides lie in the same ring. 

Lemma 3.4. Let M be a T -equivariant line bundle on X, with C\(M) = £. Then in 
(/3A)-« 2 - 3 Q(e /3£l ,e^ 2 ,e /3 *)[[/3A]] we have 

Af^ t (v,f3A)\ tl ^ = exp(2/3<</ 3 )» 

EOLi Z™j iv) (w( Xi )MVi), gHj Ae-^ ( ^ )/4 , g, gg, foQQ + ggfo - K X )) 
(/3A)« 2 +3 A _ e /3t M v)v) A _ £/3t M)V) 

Proo/. Following [20J, we denote C(0) := ch(Xi)e 5 / 2 + ch(X 2 )e-^ 2 on X x XH x l'™', and 
Cj(0) := [C(0)]j. The Grothendieck-Riemann-Roch theorem implies that 

ch(A^-» <g> \f 2 {v)) = exp([p,(g*(ch(T;)) ch(^i © ^ 2 ) Todd(X)] 1 ) 
(3.5) = exp([^(g*(ch(t;))C(0)e Cl / 2 Todd(X))] 1 ) 

= exp(C 3 (0)/rk(t;) +C 2 (0)/v^ + 2/v®). 
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Let (Z u Z 2 ) G (l' n ' x lH) r correspond to (Y 1 , . . . , Y x ). By [H Lemma 3.4] the cotan- 
gent space and the fibres of A± at (Zi,Z 2 ) are 
(3.6) 

X 2 



«2-> e/3e2 j=l 7=1 

/\ _ t ^X(^i^2)| tl ^ a =A _ tp -x(X,M^Y\ ti ^ 1 f[n%{w(x l )My l )^^), 

/\ t0 A\{Z^Z 2 )\ t ^ =/\ tp -^x ) MY\ ti ^ ei ^n%{w{x i )Myi)^^)- 

By f TL27j) and [H (3.11)] we get 



x 



(3.7) 



J] ^(wfo), wfo), A /3£«« rk(«)) 

i=i 

„(i) 



t(Zx,z a ) ex p( [ch(X 1 )e S ^©ch(J 2 )e^ S ] 2 / ? 

+ rch(Xi)e^ ©ch(J 2 )e^ i l„/rk(v) N )| £1 ^/3 £1 

^ ll z 2 )(exp(C 2 (0)/^ 1 )+C 3 (0)/r%))) ei ^ si ( e ^iW^^-^^ 
exp(-2/3(^ 3 )))^ iiZ2) (ch(A^ (v) © A^)))) ^ (e*)^^)-**^)). 



£2-*/3 £ 2 



In the fourth line we use that ch (X Q ) = 1, chi(X a ) = for a = 1, 2, and that ch 2 (Xi)/l = 
— n, ch 2 (X 2 )/l = — m and thus 

^([chft)^ ©ch(X 2 )e^] 2 /^ 1 )) = S (Zl , Z2) (C 2 (0)/vW) - (£/2, 
^ 1 ,z 2 )([ch(X 1 )e i ^ ©ch(X 2 )e^] 3 /rk(t;)) = tfc^ (C 8 (0)/rk(t;)) + ( n -m)^/9t, 

and formula (12.31) . In the last line of (13.71) we use (13. 5p . 

Write |Y| := |Y X | + ... + |YJ, and write {ZX,Z\) for the point of x with 
n + m = |Y| determined by an %-tuple Y = (Yi, . . . , Y x ) of pairs of Young diagrams. Using 
that Lp { Kx = —w(xi) — w(yi), we get by localization, f]3 . Tl) and (11.251) 



Z -U) M*), ^ ^ Ae-^^ /4 , g, A;V 1} ) 

Ae"* MV)V /\_ e/3t M)V ' 1 
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= Yl (/3A) 4|y| -« 2 - 3 

Y=(f lt ...,Y x ) 

n^exp (/3 rk( V ) |^| «fe«J+Hfi«i) Cf rkCt>) («;(^) , , A /S^W) 



X 



exp(-2/3(t/ 3 )» £ (/3A) 



n,m>0 
d=4(ri+m)-e 2 -3 



x ?['lH x iH A^^)0A^^) 



A^ t («,/3A)| tl ^ ei exp(-2/3(*/ 3 )». 



*2" 



In the third line we use ( 13. 7p and equivariant localization. □ 

Now we identify the contribution of the perturbation part. Let O be the ring of holo- 
morphic functions in (x,(3,t) in a neighborhood of \J — lM>o x \J — lM<o x V - lK>o- 

Lemma 3.8. 

X> por >(^),M^), ^Ae-^ K x/\(3) = ( - ( X (M) + X (M V )) log(/3A) 



i=l 



«m + 1 <Todd 2W& > + i og ( A ^,_^, M) v;^,_, (x , M v ) , )i, :g 



/iotas m 0[[ei,e 2 ]][llt( tw ( a; i) u, (y*)) 

^ , £ — 2* £ 

Proof. By [201 (3.17)] we get that Ylf=i ( w ( x i)> w (yi)i — ifH A, /^) is given by the same 
formula with § (Todd 2 {X)K x ) replaced by -f (£ 2 K X > + §(£K x )t. Note that by (OBI) , 
when changing A to Ae~ f3Kx ^, the result changes by adding 



^ w(xj) + w(y t ) / 2 w(^) 2 + w(^) 2 + 3w(a; i )w(y i ) \ 

Aw{x t )w{ yi ) V Lp ^ } + 6 ) 

= (j(?Kx) - ^{£K x )t + ^(Todd 2 (X)K x ) 



The result follows. 



□ 
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Writing ch(~x(X,M)) = ELo eQy > ch(-x(X,M v )) = Eto^ we see that 

l0g V A-e* ~X(X, M)- ATi -x(X, MV)v j I ^ 
(3.9) ^ ^ 

= E lo S ( i- e -fe-^ ) + E lo § d_ e -K + ^ ) • 
j=i fc=i 

Let denote the ring of holomorphic functions in (t, A, /3) in an open subset of C 3 which 
contains for any (t, A) G (C \ M<o) 2 an open neighbourhood of (3 = 0. Then (13.91) shows 
that the left hand side of Lemma [3T81 lies in C?[[£i, £2]]- Thus we can view also the left hand 
side of Lemma 13781 to lie in 0[[ei, £2]], and we can take the exponential of both sides of the 
equation. Note that the exponential of the right hand side lies in Q(e^ £l , e^ £2 , e^')[[/3A]]. 
With this remark Theorem 13.31 follows from Lemma 13.41 and Lemma 13.81 

Now we express A^ T (t>,A) in terms of the Z_ r k(v)( e i> £ 2, ct', A, (3). The Nekrasov con- 
jecture determines the lowest order terms in £1,62 of F_ r k( v )(ei, £2, a; A, 0), but not of 
F_ rk ( v )(£i,£ 2 ,a; A,(3,t). 

Corollary 3.10. Let v G K r (X).Then 

Af^ 0t (v,(3A) = -^-exp (/3(^-i<Todd 2 (X)(ir x + Cl (v) + ^% - K x 

+ 2([ch(t;)e Cl/2 Todd(X)]3) 

i=l 



( E F~ *M H^MVi), ^ Ae -f ^(^ +C1 (,) + ^( C1 -^)) 
1=1 

Proof. Let r, a be variables. In the same way as in [42l section 4.5], we see that 
2%?(e x , £ 2 , a; Ae" CT / 4 , (3, r) = exp (— ) Z™\e u e 2 , a; Ae"^ 4 , /3). 

\£l£2/ 

On the other hand, by [4"3"1 formula after (4.12)], we get that 

F^( £l , £ 2 , a; Ae^\ /3, r) = £ 2 , a; Ae"^ 4 , /3) - I* - TM+A+^IEA . 

The result follows by by localization and Theorem 13.31 □ 
4. Explicit formulas in terms of modular forms 



The result of [43] together with gA] implies that the following solution of Nekrasov's 
conjecture and its refinement are true for the K-theoretic partition function when m = 0: 

(1) eie 2 F m (ei,e 2 ,a;A) is regular at e l5 £ 2 = 0, 

(2) J-'oi^a; A) is the Seiberg-Witten prepotential associated with the Seiberg-Witten 
curve Y 2 = P(X) 2 - 4(-X) 2+m (/3A) 4 , 
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(3) H comes only from the perturbation part, i.e. H(a,A) = ir^—la, 

/ \i/2 

(4) exp A = ( flnn 2 flin ) , exp B = # i ex P A, where the 6U are theta functions with 



10 J 



variable q = e ^ , where r is the period of the above Seiberg-Witten curve, i.e. 

T - 1 ^^"O 

Here J-q, H, A, B are given by the expansion 
(4.1) E 1 e 2 F m (ei,E 2 ,a;A,f3) 

2 2 

= F Q {a; A, 0) + (si + e 2 )H(a; A) + £ X £ 2 A{a] A, /3) + &1 — -B(a; A, /3) H . 



When |m| < 2, the above (1) — (3) follow from a conjectural blowup equation (I1.37P as 
we explained in §1.71 The analogue of the statement (4) is (11.441) which follows from the 
conjecture (jl.43p . In the above we implicitly assume \m\ < 2 as the Seiberg-Witten curve 
changes the genus otherwise. According to a physical argument [271 EI] > the remaining 
case m = ±2 is similar to the case \m\ < 2, in particular (1),(2) should be true. (These 
probably follow from the approach in [48].) But we believe that the blowup equation must 
be modified, and (3) is probably not true. 

In the following we assume the above (1) — (3) and (11.441) are also true for m — ±1. 

Once we have the above (1) — (3), then the same argument as in [201 proof of Thm. 4.2, 
in particular of (4.12)] gives 



Corollary 4.2. 



A* e - 0t (v,f3A) 



t=2a 



1 /—r&Kx) _im 2 

V— 1 q 2 \ 2 > 

/3A V q 

8 <9a<91ogA 

(3 2 d^ 
32 (Slog A) 2 



x exp 



+ 



^K x + Cl (v) + T -^-( Cl -K x )) 



(K x + Cl (v) + ^( Cl - K x )f ) + x A + oB 



We have expressed the wallcrossing A^.^^f , f3A) in terms of the partition function 
with 5D Chern-Simons term. As in [201 §4] we use the Nekrasov conjecture to give an 
explicit formula in terms of g-development of modular forms. 

We identify t/2 with a hereafter. 

Theorem 4.3. (1) Let Af e _ 2f)a (v, (3 A) = ^ B>0 A n A 4n ^~ 3 . Then A n is equal to if 
(£, c\{v) + T -^-{c\ — K x )) + ik{v)n is odd, and equal to the coefficient in 

,1/8 9 (|) 



2Coeff 

(ql/8)0 



Af te . 2 , a (v,A)j 



a=a(g 1 /8,A) 



a(gl/8) 
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otherwise. 

(2) Suppose rk(f ) = — m = 0. Then the terms in [ } above are given in explicit modular 
forms in C((g 1/8 ))[[A]]. 

Here the change of variable from - to g 1 / 8 will be explained later during the proof. It 
will be done in several steps in § §4. 1114. 2114. 31 The explicit forms stated in (2) will be given 
in B 

For rk(f) = ±1, the terms are written in terms of the Seiberg-Witten prepotential J-q, 
but we do not know how to write them explicitly in terms of g 1//8 and A at this moment. 
This is a problem is about elliptic integrals and modular forms. 

4.1. From the residues at e& a = 0, oo to the residue at e^ a = 1. Let A^ e _ 2/3a (t>, /3A) = 
V A A 4 "-? 2 - 3 

Proposition 4.4. (1) The coefficient A n is a rational function in e@ a , which is regular 
on P 1 \ {0,oo,l,-l}. 

(2) A n is multiplied by (— l)^ 1 ^)" 1 2^-( c ^- K x))+^H v ) n under the replacement e@ a i— > 

_ e /3a 

Corollary 4.5. Assume rk(t>) and (£,ci(t>) + ^y^(ci — K x )) are even. Then 

de~P a de~P a 
Af(v;(3A)= Res Af e . 20a (v; (3A)^^ + Res Af e . 2 , a (v; /3A)— ^- 
s e -/3a =0 «> e~P a e -0 a =oo s ' e pa 

de~P a 

= -2 Res Af e _ 2/3a (v;A) — -— . 

The first equality follows from (1) (and T = e _/3 * = e~ 2/3a ). The second equality follows 
from (1) and the residue theorem, together with (2). This corollary means that we can 
move the position taking residues from 0, oo to 1. 

When either rk(t>) or (£, c\{y ) + ^y^(ci — Kx)) is not even, the coefficient of A 4n_ ^ 2-3 
in the left hand side is or equal to the coefficient in the right hand side, depending on 
the parity of (— l)^' Cl ^ A a (ci-.Kx))+ rk (u)« _ ^y e assum e that both are even for brevity in 
the above corollary, but it is clear that we have a statement like in Theorem 14.3( 1). 

Before starting the proof of Proposition 14.41 we give new variables so that the partition 
function becomes homogeneous. 

Recall we set a\ = —a, a 2 = a. Following j43j §5], we set 

^ ■ i _ e-K-M/3- 
We first consider the case when the 5D Chern-Simons term is not included. 
By [43, (5.3)] we have 

e l e 2 F^ t e C[Ci,2,C2,i,/3][h^2,Ci,2A 4 ]]. 
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We assign degrees as deg£i = dege 2 = degA = 1 and deg/3 = deg( a ^ — — 1. Then Z l £ 
is homogeneous of degree 0, and hence eie 2 F^ st is of degree 2. Let 



n>l 



Then the coefficient is a homogeneous polynomial of (3 and of degree 2 — 4n. 
When we exchange a% and a 2 , C2,i and Ci,2 are exchanged accordingly. Since ^ nst is 
symmetric in a±, a 2 , ^,f st is symmetric in (j j2 and (2,1- By the equality (2,1 = /3 — £1,2, 
we see that there is a weighted homogeneous polynomial y4 4n __ 2 (x, G C[x, of degree 
An — 2 with deg 2 = 1 and deg y = 2 such that 



^ = iW_ a (ACi,aC 



2,1/ 



Moreover, as F^ st is a formal power series in Ci,2A 4 by [43, (5.3)], is divisible by 

(Ci,2C 2 ,i) n - 

We further introduce 

A 



g/3aj _ e /3a 2 ' 

We have z 2 = Ci,2C2,iA 2 . From the above consideration we have 

(4.6) jF^ nst g z 2 A 2 C[f3,A][[z 2 ]]. 

As £z = -z(Ci )2 - C 2 ,i), and ^(G, 2 - (2,1) = 4(z/A) 2 , we have 

^G(Ci,2-C2,i)^ 2 A 2 C[/3,A]^ 2 ]], 

(4.7) da t 

v 7 n -TTinst 

^T^ 2 C[AA][[, 2 ]]. 

Even when we include the 5d Chern-Simons term (11.25p . we can repeat the above proof. 
We only need to change C[/3, A] by C[(3, A, e ±*(*)/*»]. 



Proof of Proposition Let us look at the expression of A^ e _ 2/3a (w , /3A) given in Corol- 
lary [4721 We will write it as a multiple of an explicit rational function in e^ a and a formal 
power series in z. The explicit function comes from the perturbation part of the partition 
function. 

First note that Tgf^jfo consists only of the instanton part. Therefore (14.60 implies 

d 2 T n 



(a log a) 2 

Next we have 



G ^ 2 A 2 C[/3,A,e ±rk(l,)/3a ] 
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from ( 14. 7L Here we have used 



%W^) = 2log, eM2 _ e ^ x/2 

(cf. (1A.8I) ) to calculate the first term coming from the perturbation part. 
Next consider the genus 1 parts. When rk(t>) = 0, we have 

exp(xA + aB) = (j^r-) % G 4z~ 2 (l + z 2 C[^, A, e ±rk ^ a ] [[^ 2 ]]) . 
V^oofio/ 

The case rk(t>) = ±1 is similar thanks to (11.441) . 
Finally again by (14 ,7p we have 

- ** + *<■> - ^ - *») - (^' - 

G (e"*) * C[/3, A, e ±rk ^] [[(d, 2 - C 2 ,i)^ 2 A 2 , ^]], 

with N = (£,Kx + ci(«) + ^(ci - AT*))- Note that (£, c x - K x ) = K x) = 

mod 2, where the first equality follows from the assumption ( §2.1( 2)). and the second 
from the Riemann-Roch theorem. Therefore N is an integer. 

As z = , Ci,2 - C24 = -P #$l-v the statement (!) becomes clear now. 

Let us check the statement (2). We substitute e^ a by — e^ a . Then 2 changes the sign 
and Ci,2 ; C2,i ar e invariant. Therefore the change of the instanton part of A^ e _ 2/3a (v , /3A) 
comes only from Ct lk{v) (ei, e 2 , a; (3, r) in (f!~25l) . It is multiplied by (-l) rk MO yl l+l^ 2 l). The 
perturbation part of A^ e _ 20a {v , /3A) is multiplied by 

(_l)JV+<€ 2 > = (_ 1 )<S,ci(«)+*M(ci-^x)>_ 
Altogether the coefficient of A 4n ~^ 2 ~ 3 in Af _ 2/3a (v, (3A) is multiplied by 

(_l)tf,ci(«)+^(ci-Jrx)>+rk(B)n_ 

4.2. From the expansion at a = to a = 00. We set (3 = 1 hereafter. 
We expand A^ e _ 2a (t>, A) at a = 0: 

(4.9) A*_ ao (i;;A) = ^ A m , n a m A 4 ^^ 3 £ A-« 2 - 3 C((a))[[A]]. 

n>0 

Then 

ResAf e _ 2a (w;A) = Coeff [Af 2a (v; A) x a] = V A_ ln A 4 ™"« 2 



□ 
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Proposition 4.10. A^ e _ 2o (t>; A) is in A~^ 2_3 C[[^, a]], i.e. A m) „ = unless m > —n in 

This is a consequence of the proof of Proposition 14.41 The key observation is that z, 
(G,2-C2,i)Ae£C[[a]]. 
We rewrite the above expansion as 

A^;A)xa= £ A^a^A 4 -^ 3 = £ A ^(j A 4 ^ 1 ^ 2 " 3 . 



n>0 n>0 
m+n>0 m+n>0 



The last expression is an element in A ^ 2 2 C((^))[[A]], and ^„A_ ljn A 4n ^ 2 3 is equal 
to its coefficient of (— )°- Thus we get 



Corollary 4.11. 



(i p a r n 

2ResAf e _ 2a (t;;A) = 2 Coeff Af e . 2a (v;A) x -A 

e a — l Si g a ,Ax [ A 



(±)o - A 



4.3. Prom a = oo to g = 0. By ( 14.81) we have the following expansion in C[[— , a 

2a \ a 

As in the previous subsection, we consider this as an element in C(( A ))[[A]]. Then we 
have 

q 1/8 = qo(-) + qi(-)A + ---, 
a a 

,A, a/^TA /A\ 2 /A x3 



Qo(-) = + 0.2 - + a 3 - + • ■ ■ • 

a 2a V a / V a / 

From this we see that C((£))[[A]] = C((g ))[[A]] = C((g 1 / 8 ))[[A]]. We now change the 
variable from A to g 1 / 8 by the following lemma: 

Lemma 4.12. Let us consider the change of the variable from x to y given by y = 
y(x, A) = y (x)+yi(x)A+- ■ ■ e C((x))[[A]]. Assume yo(x) = x+a2X 2 + - ■ ■ e a;(l+a;C[[x]]). 
Let f(y, A) e C((y))[[A]] = C((a;))[[A]]. T/^en 



CoeE[yf(y,A)] = CoeE 



x/(y(x,A),A)^ 
ax 



This lemma just means the invariance of the residue under the change of variables. As 
we have an extra parameter A which does not appear in the usual setting, we give a proof. 
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Proof. It is enough to check the case f(y,A) = y m ~ x for m G Z. First suppose m ^ 0. 
Then the left hand side is equal to 0. On the other hand, 

does not contain the term x -1 , as it is a derivative of a formal power series in x. Therefore 
the right hand side is also 0. 

Next suppose m — 0. Then the left hand side is 1. Let us consider 

y(x, A) , / Viix) . 
log^f-^ = log 1 + ^A4 

This is well-defined in C((x))[[A]]. Then we have 

1 dy 1 dy (x) d f, / yi(aO , 

J + -T- < log 1 + ^i^A + • • 



y(x,A)dx yo(x) dx dx \ \ yo{x) 

= -(l + a 2 x + ---)- 1 (l + 2a 2 x + •■.) + ^- (log fl + ^A + ■■■)}. 
x dx { v yo{x) J J 

The second term does not contain the term x~ l by the same reason as above. Therefore 
we get x -1 only from the first term. Hence we have found that the right hand side is also 
equal to 1. □ 



Applying this to the right hand side of Corollary 14.111 we get 

4/8 ^(o 

(A)0 - (,1/8)0 ^ <> 

This completes the proof of Theorem 14.3( 1). 



q 

A = A (g i/ 8jA) dig 1 / 8 ) 



4.4. Explicit expressions. Our remaining task is to express the terms in [ ] of the right 
hand side of Theorem 14.31 in explicit forms in C((g 1 / 8 ))[[A]]. We suppose m = — rk(t>) = 
in this subsection. 

By [4"3"l §5] exp(xA + o~B) can be written explicitly in terms of q 1 ^ 8 . So we only need to 
express g 1/8 §[^, d ^° gA , and {d f og A)2 ■ The expressions will be given in (|4.14|), (|4.15|), 
(I4.16P respectively. 

4.4.1. The term q 1 ^ 8 ^1/8) ■ We consider a defined as a period of the Seiberg-Witten curve 
as in JS] In particular, we are in the region D* such that y/—la has a large real part and 
< |A| <C 1. We will compute q l l 8 ^j&m first in this region and then see later that the 
computation holds in C((g 1 / 8 ))[[A]]. 

For simplicity we introduce a variable u by 



. '00 -r "iq 

e 2 e 2 

^OO^lO 



/ g2 A 2 E /3 2 A 2 c((g l/8 )) 
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where ^-functions are evaluated at (0,r). This definition is motivated by a fundamental 
variable in the homological version (see [20~1 (4-1)])- By (|A.34j) we have 



C/i = ±2y 1 + m + /3 4 A 4 . 
By a certain standard equality for 0-functions (cf. (201 p. 29]) we have 

7 oi 



du /3 2 A 2 tt 



Combining this with (1A.35I) . we get 



da da dU\ . 7rA Of 



01 



Therefore we have 



dr dUx dr 4 6 00 9 10 ^/\ +u + 

This is a priori an equality on D*. However both sides extend to A = 0: The right hand 
side is a function in g 1//8 and we have g 1 / 8 ~ i^jr^ ■ Here ~ means the equality up to 
the instanton part. 

Therefore 0io/A and u are regular at A = 0, hence so is the right hand side. The left 
hand side is a triple derivative of the prepotential with respect to a, and hence has no 
perturbation part. Thus it is regular at A = 0. Therefore (I4.13P holds even at A = 0. 

Next we consider the coefficients of A fc for both sides of (14.131) . The equality holds a 
priori for a such that a/— la has a large real part. However both sides are rational functions 
in e f3a : This claim can be checked as above. The left hand side has no perturbation part, 
so the claim was proved during the proof of Proposition 14.41 The right hand side is a 
function in g 1//8 , hence the claim was again proved during the proof of Proposition 14.41 
Considering the expansion at a = 0, we conclude that (14.131) holds in C((a))[[A]]. 

From the discussion in §4.2l we see that both sides of (14.131) are in ^C[[a, ^]]. Therefore 
fl4T3|) holds in 4C[[a,^]], and hence in C((£))[[A]]. We now change the variable from 
A/a to g 1 / 8 as in §4.31 and use the composition law to get 

2 o 

yZT.^oiA 




0OO0W l + n + /3 4 A 4 
As a ~ :y Y^^i78 ' we can determine the branch of the square root to get 



1 j % 1/8 ) V 0oo0io i lU + / " A 



j4 a 4\n 



This is an equality in C((g 1 / 8 ))[[A]]. 
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tta/^T da D 



4.4.2. The term g & . . Let /i : 

ooo log A 



i a 2 ^h 

4 9ac9 log A 



2 — gi gA - Let us rewrite (1A.36|) in terms 
of sn associated with the elliptic curve with period r. (Be aware that we have used sn 
with period — 2/r before.) We get 







10 



sn 



(3h 



'00 



'oo ; 



«(r)) 



0u( 



27Ta/=T< 



-/3A. 



Therefore 



fl2 
y oo 



2a/^T 



/3A 



da; 



0, 



oo 



/3A 



Therefore 



o a/(1 - x 2 )(l - k 2 x 2 ) ^10 7o 

fix 



/3 2 A 2 ' 



1 



/3A 



Using 



(4.15) 



E 



/30oo0io Jo 

n>0,n>fc>0 (7)0 
2 V / ^T 



1 4" o2 A 2 ^ 2 "1" 2- 



/3 2 A 2 ' 



/3 2 A 2 



.1' 



4n-2fc 



we get 



/30oo0 



10 



E 

n>0 
n>k>0 



_1 

2 

?7 



n \ m 



; (/3A) 4 ( n - 



•fe)+i 



k J An-2k + l 



This gives us an explicit expression in terms of q 1 ^ 8 as, e.g. 

u 



f39 00 9 w h = 2V-1 (/3A--/3A 



4.4.3. ITie term )2 . We use 



0ii 



§h 



-2W^T : 



7 lH 



Bh 



2ttV^T 



,t) 



on 



27r v /3 T' 



0oi (0, 



9 oi(^T^) ^oi(0,r) 



-/3A exp 



/3 2 a 2 ^ 

32 (9 log A) 2 



where the second equality follows from flA.36j) and (1A.23[) . We use the formula (see 
21-43]): 



9u(z,t) 
0n(O,r) 



1 G 2k {r) 2k 

exp ~2^—r, — z 



k=l 



2k 



where G 2 k = ^C,{2k)E 2 k are Eisenstein series, and E 2k are normalized Eisenstein series. 
Using Jacobi's derivative formula ([53, 21-41]), we get 



(4.16) 



O 2 

32 (9 log A) 1 



log 



000010^- 

2a/^TA 



E 

k=l 



G 2k (r) 
2k 



(3h 



2tta 



1 



2k 



Combining with (14.151) . we get an explicit formula of n^r|p in terms of q 1 ^ 8 . For example, 
we have 

u h 2 ^ - 
-- + —E 2 (3 2 + 



f3 2 d^ 



32 (d log A) 2 6 24 
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4.5. Explicit computations: the case of P 2 . Let H be the hyperplane bundle on P 2 , 
we denote by the same letter its first Chern class. As an illustration of our results we 
compute the holomorphic Euler characteristics of determinant line bundles on Mj^ 2 (0, d) 
and M^ I 2 (H, d), and write the corresponding Hilbert series explicitly for small d. 

The determinant line bundles fi(H® n ) are by (11.41) defined on M^j(0,d) for all n and 
on Mfl 2 (H,d) for n even. Let Y be the blowup of P 2 in a point, and let E be the 
exceptional divisor. Denote by H also its pullback to Y, and write F = H — E. Then 
for e sufficiently small Mp +eH (E, d+1) = 0, M^ +eII (H, d) = 0, and thus x(M% +eII (E,d + 
l),0(/j(H® n ))) = 0, x(Ml +eH (H,d),0(ii(H® 2n ))) = for all n. On the other hand 
we get by Corollary O X {M^ (0, d), 0(fx(H® n ))) = x(M%_ eE {E, d + 1), 0{f,(H® n ))), 
x(Mjj 2 (H,d),<D(n(H® 2n ))) = X (M%_ eE (H,d),0(fi(H® 2n ))). Thus we only have to sum 
the wallcrossing over all the classes £ of type E (respectively of type H) with (£H) > > 
(£F). These are {2mH - (21 + 1)E \ I > m > 0} for type E and {(2m - l)H -2lE\l> 
m > 0} for type H. 

Putting this into Theorem 14.31 and using the results of subsection §4.41 and putting 
(3 — 1, we obtain the following. 



d>0 



X (M ¥ H (0,d),O(^H^)))A d = CoeS 



^ (_l) ? + m + 1 g|(('+|) 2 - m2 ) e ( m ( n+3 )- / - 1 /2)ft 
l>m>0 
6ll(^A^f) \n' 2 +6n+S 



7 01 
3 Q3 



J2x(M^ 2 (H,d),0(^H® 2n )))A d = Coeff 



d>0 



A0 O i / A0&0? o VI + u + A 4 



(-l) /+m g^ (/2 " (m ~^ )2) e ({m ~^ )(2n+3) " 0/l 

l>m>0 



a#oi ) oi Q e\ Q VI + u + A 4 

It is straightforward to write a maple program which computes the lower order terms in 
A. This computation can be extended to much higher degrees in A, in principle up to any 
given power. We get 



P*(t) 



5 < d < 21, 



J2x(M%(0,d),O(»(H® n ))t n = - 

n>0 ^ 

-£x(Mf(H,d),0(KH® 2 n)t n = TT^irT' < d < 24, 

n>0 ^ ' 

with P d (t) e Z[t] of degree d-5 with t d - 5 P d {l/t) = P d and Q d (t) G Z[t] of degree d-2 
with t d ~ 2 Q d (l/t) = Q d for d > 4. In particular 

P 5 = 1, P 9 = 1 + t 2 + i 4 , P 13 = 1 + t + 7t 2 + 7t 3 + 22t 4 + 7t 5 + 7t 6 + t 7 + t 8 , 
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P 17 = 1 + 3i + 27t 2 + 83t 3 + 312t 4 + 504t 5 + 680t 6 + 504t 7 + 312t 8 + 83t 9 + 27t 10 + 3t u + t 12 , 
P 21 = 1 + 6t + 77t 2 + 484i 3 + 2877t 4 + 10374t 5 + 27027t 6 + 46992i 7 + 57532t 8 

+ 46992i 9 + 27027i 10 + 10374t n + 2877t 12 + 484t 13 + 77t 14 + 6t 15 + i 16 ; 
Q = 1, Q± = 1 + t + t 2 , Q 8 = l + I2t + 57i 2 + 92t 3 + 57i 4 + 12t 5 + i 6 , 
Q 12 = 1 + 43t + 751t 2 + 530U 3 + 16598t 4 + 24137t 5 + 16598i 6 + 5301t 7 + 751t 8 + 43i 9 + t 10 , 
Q w = 1 + 109* + 5149t 2 + 103820t 3 + 976685t 4 + 4609643* 5 + 11476395t 6 + 15506676* 7 + . . . 
Q20 = 1 + 231* + 25026t 2 + 1189860t 3 + 26750979t 4 + 308439936t 5 + 1946037411t 6 

+ 7038264246t 7 + 15046564512t 8 + 19347012191i 9 + . . . 
Q 24 = 1 + 437t + 97958t 2 + 9845240* 3 + 467190310t 4 + 113685504m 5 + 152640855877* 6 

+ 1196951395072t 7 + 5716465354180t 8 + 17128652740280* 9 + 32841892687972t 10 

+ 40750517543272* 11 + . . . , 

where ... stands for terms of degree larger than deg(Qd)/2. One checks that -Pd(l) = 
<j>Q 2 (if d ), Qd(l) = 2 d $^ 2 (if d ), by comparing with [13], as required by the Hirzebruch- 
Riemann-Roch theorem. In [5], [6] the (0, d), 0{n(H® n )) were determined for d < 13 

and all n and for d = 17, n — 2, 3. 

4.6. Generalization to non-toric surfaces. In this section we will generalize our re- 
sults to arbitrary simply connected surfaces. We extend Corollary 14.21 and Theorem 14.31 
for the wallcrossing terms to any good wall £ on any simply connected projective surface 
X with p g = 0. More generally let X be a smooth projective surface (not necessar- 
ily connected), and let £ G Pic(X) and v G K(X). We define the wallcrossing terms 
A^ T (t>, A), Af(v, A) by the formulas fl2.4IUI2.6IUI2.7p . where we replace in the summation 
index d = 4(n + m) — £ 2 — 3 by d = 4(n + m) — £ 2 — 3x(Ox)- Then we show that these are 
computed by a suitable generalization of Corollary 14.21 and Theorem 14.31 This is done by 
adapting the corresponding argument of [20] for the wallcrossing of the usual Donaldson 
invariants, which is based on the fact that intersection numbers on Hilbert schemes of 
points on X are given by universal formulas in terms of intersection numbers on X. 

If X is a simply connected with p g = and £ is a good class, then Proposition 12.111 
shows that the wallcrossing of the .fT-theoretic Donaldson invariants for the wall defined 
by £ is given by the wallcrossing terms, thus we get a formula for the wallcrossing in terms 
of modular forms and elliptic functions. In the future we plan to adapt the arguments of 
[4T3] to show that Proposition 12.111 and thus our wallcrossing formula also holds in case £ 
is not good. 

We start by sketching a proof of the following result: 
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Lemma 4.17. Fix r G Z. There exist universal power series A ri G AQ((T))[[A]], (i = 
1, . . . , 7), such that for all projective surfaces X , £ G Pic(X) and all v G K(X) of rank r 
(_T)?(€-^x)/2+x(Ox)a? 2 + 3 x(Cx) x 

exp(£% + £K X A 2 + if 2 ^ + c 2 (X)A, + &UA 5 + K x v^A 6 + (v^) 2 A 7 ). 

Here, as before = Ci(v) + ^y^(ci — Kx)- 

A simple modification of the proof of [201 Lemma 5.5] shows the following. 

Lemma 4.18. Fixn,m > 0. Let P be any polynomial in chj 1 (.4+) , chj 2 (^4_), chj 3 (Xi)£ l4 /(f W) 15 
chj 6 (X 2 )£ i7 / (v^Y s , c i9 (X^ x X^) for ix, . . . ,i 9 G Z> . T/ien i/iere exists a universal poly- 
nomial Q (depending only on P) in £ 2 , £i^X; c 2 (X) ; ^v^\ K x v^\ (v^) 2 , such that 

/xW xxH P = Q- 

The statement is very similar to [20, Lemma 5.5]. The only differences are that we 
replaced X$ by x X^ m \ and that we also allow the Ci(X^ x X^) in P. However 
looking at the proof of J20J Lemma 5.5] it obviously also works for X™ x X^ m \ and in 
[14] the argument is also made for the Ci(X^). It readily generalizes to X^ x 

Denote the left-hand-side of Lemma f4. 171 by A^ T (y , A). By applying the Riemann-Roch 
theorem to definition (I2.6p . we obtain that 

Af T {v,A)= V VA 4 ^™)? I S n 

n, m >0 l ez JxWxxM 

where S nim> i is a polynomial in the Chern characters of A + , A-, X^v), \p 2 {v) and the 
Cj(X^ x X™), which is zero for i<0. By (I3.5P the Chern characters of the \p (v) are 
polynomials in the chj 1 (X 7 )£ 42 /(f ( 1 ))* 3 . Thus by Lemma 14.181 we see that A^ T (f,A) = 
J2i>o J2iez A^PijT 1 , where P M is a universal polynomial in £ 2 , £K X , K x , c 2 (X), 
K x v j (' y( ' 1 ' l ) 2 7 which is zero for i <^ 0. From the definition f 1 2 . 6 j) . one readily computes 
that the coefficient of A of A^ T (^ ; A) as a power series in A is 1. Now the proof of 
Lemma [4.171 is finished by the same arguments as that of [201 Theorem 5.1]. 



J n,m,ii 



Corollary 4.19. (1) Corollary \4-2\ and Theorem \4 . 3\ hold for any simply connected 
smooth projective surface with p g = and any £ G Pic(X). 
(2) More generally for any smooth projective surface X and any £ G Pic(X) we have 

\^ a (v,(3A) = >/=l exp l-^-j-frvl ) + Kx ) 



(3 Z & 2 T { 



o 



32 (d log A) 2 



+ K x ) 2 ) exp(A) 4x( ° x) exp(P - A) c 
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Proof. It is enough to show part (2). We put T2 := e /3a , and as above write z = 
~fSl = • Then by (SJ) we have ci = zexp^), with l x G z 2 C[(3, T ±rk( - V ^ 2 , A] [[z 2 ]] C 

A 2 C[/3, A]((T*)). Similarly flJZD implies G A 2 C[/3,A]((Ti)), |g£ G A 2 C[/3, A]((Tl)), 

and from the definition we see that dad ° A = —8a. Finally by (11.441) we have exp(A) = 
gie exp(/ 2 ), exp(£> — A) = exp(/ 3 ), with I2J3 G AC[/3, A]((T)). Thus we see that the left 
hand side of Corollary 14.191 can be rewritten as Mexp(^ 2 5 1 + + Kx)B 2 + (v^ + 

K X ) 2 B 3 + c 2 (X)B A + K 2 X B 5 ), with B t G AC((Tl))[[A]] and 

m { ^k x ) ( ^lf3ATl\-e~2 X {o x )T^ m + K ^l 2 T^ w / 2 {l-Tf 2+2 ^°^ 



l-T J Ax(Cx) (_t)€(?-^)/ 2 +x(0x)a 3 x(0x) ' 

As the Ai, i = 1, . . . , 7 of Lemma T4. 171 are determined by the A* T (v , A) for toric surfaces, 
Corollary 14.21 implies the result. □ 

When v = v(2L), we have v^ 1 ' + Kx = Kx — 2L, which is equal to the negative of the 
characteristic line bundle det W ± of the Spin structure W ± induced from the complex 
structure of X and the line bundle L (see £ 11.31) . Then y/=T { *' Kx) [Af(v,f3A)] Ad is a 
polynomial in (£, ci(det W^)) and (ci(det W^ 2 ) whose coefficients depend only on (£ 2 ), 
d and the homotopy type of X. This statement is a natural analogue of the Kotschick- 
Morgan conjecture [29] in the context of the i^-theoretic Donaldson invariants. Thus our 
formula above supports our belief that the i^-theoretic Donaldson invariants have a gauge 
theoretic definition. 



Appendix A. Seiberg-Witten curves for ^-theoretic version 

The purpose of this appendix is to prove some results on Seiberg-Witten curves for the 
.fT-theoretic version with Chern-Simons terms. In particular, we show 

a) the perturbation part of the Seiberg-Witten prepotential coincides with the genus 
part of the perturbation part introduced in §1.7.21 

b) the Seiberg-Witten prepotential satisfies the contact term equation in Proposi- 
tion Ol 

The corresponding results of the Seiberg-Witten curves for the homological version have 
been known [251 EH EU [15] . and were reproduced in [l3l §2]. Our proofs go along the 
same line, while we need to consider the cases r + m even and odd separately. The 
adaptation might be standard to experts, but we cannot find the statements or proofs in 
the literature. 
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A.l. Seiberg-Witten curves. We consider a family of curves parametrized by U = 
(I7i,...,l7 r _i): 

Cu, m ■ (-V^Tf3A) r X (r+m)/2 (w + = P(X), 

P{X) = X r + U x X r - x + U 2 X r - 2 + ■■■ + Ur-xX + (-l) r 

for |m| < r, m G Z. We call them Seiberg-Witten curves. When r + m is odd, we should 
understand this expression formally, and the rigorous definition will be given soon below. 
The projection Cjj m 3 (w,X) i— > X G P 1 gives a structure of hyperelliptic curves. The 
hyperelliptic involution i is given by i(w) = 1/w. 

We introduce a new variable Y = (—\^T(3A) r X < -- r+m ^ 2 (w — ^). Thus we have 

Y 2 = P(X) 2 - A(-X) r+m ((3K) 2r . 

This does make sense for r + m odd also. 

Note that \m\ < r guarantees that the curve has genus r — 1. Later we further assume 
\m\ ^ r. 

If we replace the coordinate X (near 0) by 1/X (near oo), then the equation of the 
curve becomes 

Y 2 = X 2r {P(l/X) 2 - 4(-l/X) r+m (/3A) 2r ) = P(X) 2 - 4(-X) r " m (/3A) 2r , 

where P(X) = X r + (— l) r f/ r _iX r ~ 1 + ■ • ■ + (— l) r . Thus the curves for m and — m are 
essentially the same (exactly the same when r = 2), once written in a coordinate near 
and once in a coordinate near infinity. 

Let us define the Seiberg- Witten differential by 

1 , dw 1 , X( r + m )/ 2 (X-( r+m )/ 2 P(X)VdA 

do = ; log A — = log A — 

2ttv / ^T/3 w 2ttv / ^T/3 Y 

- 1 i og , Y 2.Yr(A-)-(r + m) P(A-)^ 



271^/3 2AF 
where we have used 



x -(r+m)/2 Y dW 



W 



^lf3A) r (w--) — = (X-^ +m ^ 2 P{X))' dX. 
\ w J w v 



This is a multi-valued meromorphic differential on Cjj m . The last expression makes sense 
even in the case r + m odd. 

Let A lr . . , X r be the zeroes of P(A) = 0. We have Y[Xi = l. 
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A. 2. Homological limit (3 — > 0. We move (3 in a small disk around the origin. We 
see that the Seiberg-Witten curve becomes the Seiberg-Witten curve for the homological 
version (i.e. the 4-dimensional gauge theory in the physics terminology) at (3 — 0. 

We choose Zi with = e"^/" 1 ^ 2 *. We consider z = (zi) is a parameter for the curve. 



Let X 



41*. Then 



-v /z T/3) _r X- (r+m)/2 P(X) 



2^2 



/3^ 



r-j-m 
2 



1 + 



1/3 



n 

i=i 



-10Zi 



+ 1 



r^ 1 ^ - 1 



1/3 



If we introduce a new variable y = (— y/— 1/3) r Y(l + ^^-f3z) r , we have 



=n 

i=l 



-l/3zi 



+ 1 e" 
z 



-\ 2 



4A 



2r 



/3V 



1 + 



^T/3 



2m 



2 -V-l/3 
Therefore in the limit (3 — > 0, the Seiberg-Witten curve converges to 

-. r r 

a> + -) = - *) ° r ^ 2 = w* - - 4a: 

i=l i=l 

This is the Seiberg-Witten curve for the homological version. (The variable w is the 
same.) The Seiberg-Witten differential converges to that of the homological version, i.e. 



2r 



1 g dw 

2n w 



— . Therefore in the limit (3 — > 0, 



The points X = 0, oo corresponds to z — ^ ; — 
both points go to a common point z = oo. 
We find Xf near Xj such that 

P{Xf) = ±2(- v /z T/3A) r (X J ± )( r+m )/ 2 . 

When r + m is odd, we take the branch of (Xf) 1 ^ 2 so that it is the same branch as 
X]' 2 = e -V=if3zi/2_ Let us choose zf so that \[{zf - z { ) = ±2A r . Then Xf -»• zf (more 
precisely after moving to the ^-coordinates). 

The correspondence between the coefficients is more tricky, as Ui is the i th elementary 
symmetric function in e~^~^^ Zl while Ui is the i th elementary symmetric function in z^, 
up to sign. For example, r = 2 



U x = -(e 



-1/3*1 + e -^l(3z 2) ~ _ 2 + ^{z\ + 2 2 ) = -2 - /3V 



A. 3. Oj, af and the prepotential JF . We first work in the region containing zi, . . . ,z r G 
R and ^ > z 2 > ■ • • > z r . Then we will analytically continue to the whole region. The 
curve itself is parametrized by U, but its homology basis introduced below depends on 
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z — (zi). We also first suppose that A is a sufficiently small positive real number and then 
will analytically continue to a small punctured disk. 

We take cycles Ai, Bj (i = 1, . . .,r, j = 2, . . . ,r) so that it gives the cycles for the 
Seiberg-Witten curves for the ho mo logical version given in [121 §2] at f3 — 0. Let us 
explain a little bit more precisely: Our curve Cjj is hyperelliptic and is made up of two 
copies of the Riemann sphere, glued along the r-cuts between X~ and X 4 + . We then define 
Ai as the cycle encircling the cut between X~ and X^. Note that we have £V Ai = 0. 
We choose cycles Bj (j = 2, . . . , r) as in [121 Figure 1], i.e. Bj is the sum YjL=2 where 
Ck is a cycle starting from X^_ v passing through Xjjr, and then returning back to X^_ x 
in the another sheet. Here the sign is + for i odd, — for i even. Then Ai, Bi (i — 2, . . . , r) 
form a symplectic basis of H\{Cjj, Z). 
We define a,, af by 

dS, a f = / dS, i = 1, . . . , r, j = 2, . . . , r. 

We consider a region disjoint from a segment from oo to which does not pass e~^~^^ Zi . 
Therefore log X is single- valued in the region. We take the branch of log X so that it is 
given by —y/—l/3Zi a t Xi = e~^~^^ Zi . The Ai, Bi cycles are taken from the region. 
We have the following expansion: 



1 



(A.l) 2vrv^T/3 

= -V^lzi + 0(A) 



/ \ogXd 


log ^ 







m 
~2 



+ 0(A) 



We invert the roles of and U p , so we consider cij as variables and U p are functions in 

Let us differentiate the defining equation of Cg with respect to U p by setting w to be 
constant: 

(A.2) = (X^ r+m ^ 2 P(X))' + X&- m >/ 2 -P 

Therefore the differential of the Seiberg-Witten differential dS is 



(A.3) J-dS 



1 x^-" 1 )/ 2 -^ 1 ciw 1 X r ~P- l dX 



w)=const 



2^^^ (X-('-+ m )/ 2 P(A:))' u; 271^(3 Y 



It is well-known that these form a basis of holomorphic differentials on Cjj for p = 1, . . . , r— 
1 (see e.g., [2H §2.3]). In other words, the Seiberg-Witten differential is a 'potential 1 for 
holomorphic differentials. 
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Let {(Tip) be the matrix given by 

da { 1 f X r - p - x dX 
a i P = T^r = -- — / T7 i = 2,...,r, p= l,...,r-l. 



dU p 2ttv^T/3 y Ai F 
If (o~ pi ) is the inverse matrix, the normalized holomorphic 1-forms 

X r-p-l dX q 



LUj = ; > (T PJ — = - — db 

3 2ny^lf3^ Y daj 



io=const 



satisfies J A Uj = Therefore the period matrix r = (r^) of the curve C-q is given by 

(A4) W^-tf- 



Since (ry) is symmetric (see e.g., [2T], §2.2]), there exists a locally defined function JF 
such that 

(A.5) af- 1 ^ 



It is unique up to a function independent of dj. The ambiguity will be fixed later. This 
function JF is called the Seiberg-Witten prepotential. We may also write J-q{o) or JF (a; A). 

A. 4. Perturbative part. We determine the perturbative part of the prepotential Tq in 
this subsection. 
Let 

1 _ fl x 2 7r 2 \ x 2 ir\/^l /3a; 3 



7o(*l# A) = 2 (-^(Li 3 (e~^) - C(3)) + y log(/3A) + ^ 



6 



where Li3 is the trilogarithm. See [32J App. B] for the definition and properties of poly- 
logarithms. The relation to the perturbative part 7 £1)£2 (x|/3; A) in §1.61 is the following: 
We have defined 7 £li£2 (x|/3; A) first when (3x > and then analytically continued it to the 
whole plane. Then we considered j Elte2 (x\f3; A) +7 £l , e2 (— x\j3; A). The coefficient of \je\Ei 
is equal to 7 (x|/3;A). See [HI p. 510, the second displayed formula from the bottom]. 
This becomes regular and its value is — x 2 (log y ^ x j + |x 2 at (3 = ([loc.cit., p. 510, the 
last displayed formula]). 



Proposition A. 6. 



*b(3j a) = - - a i\& A ) - ^ E a ? + °( A )- 
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The term — X^i<j7o( a « ~ a jl/3;A) — ^ $^i=i a ? I s called the perturbative part of JF . 
Recall that JF was defined up to a function (in A) independent of Oj. We, in fact, prove 

— d^o/ddi = 27rv / — Taf 
= - X^o( ai - aj\(3- A) + ^ f ( Qi - aj \(3- A ) - 7o(°i ~ a i\& A ) 

\ ' ' j>l j-i<j j:j<i 

+ ^W-a?)+0(A). 

Then we take a function so that the above formula holds. The remained ambiguity in 
0(A) will be fixed later. 

Note that r = 2 case the term ^ YH=i a i vanishes as a,\ + a 2 = 0. Therefore this does 
not show up in §1.61 

Let us describe the branch of j . As our (3 is in a small disk around the origin, it is 
enough for us to fix the branch at j3 = 0. Then the ambiguity occurs only at log 



A 



When z\ > ■ ■ ■ > z r and A G R>o, cbi is pure imaginary and y/— l(oj — a 3 -) G R>o for i < j. 
We then choose log f £ R- Therefore we have G R. 

Note that 

r 



(A.8) %(x\(3;A) = -2 (i(Li 2 ( e -*) - ^) - zlog(/3A)) 



We denote Li 2 (e~ f3x ) — ^ — /3slog(/3A) by Li 2 (e~ /3x ') for brevity. 

Our proof is given so that it reduces to the proof of [121 Prop. 2.2] when f3 — > 0. (The 
proof of [321 Prop. 2.2] was based on [25] in turn.) 

Proof of Proposition \A.6[ In the proof we move A in a punctured disk by the analytic 
continuation, starting from positive real numbers. Then af is a multi-valued holomorphic 
function in A. 

Let Ci be a cycle starting from e~ v/ ~ T ^ z *-i , passing through e~ v/ ~ T ^ 3Zi± , and then returning 
back to e~^^ (3Zi - 1 in the another sheet. Here the sign is + for i odd, — for i even. Then 
= 2~2k=2 Ck- 

We note that f c dS is a local function of A 2r . Since Cj change to Ci + A^ — under 
the analytic continuation along A 2r — > e 27rv/rT A 2r , J c dS — (a* — aj_i) log A 2r is a single 
valued function on the punctured disk < |A 2r | <C 1. 

We take a small positive real number 5 with |A| <C 5 and rewrite the integral as 

dS = 2 dS 



c, 



dS + 2 I dS + 2 dS. 



K-THEORETIC DONALDSON INVARIANTS VIA INSTANTON COUNTING 

We first compute the second term. Let us write (3' = — ^—1(3 for brevity. Then 



55 



2- I dS 



i+S 



m/3't 



dt + 



Zi-i—5 



^^ log Wa 



eP'(*i+S) 



Zi-i-S j 



(3'A 



■^^ 2 + ^ * log ^ ) + -(3'zj + Zi lo 



(3'A 



(3'A 



jr'<j 



the same term with Z; L — > 



+ 0(5). 



Here we have determined the branch of log so that this is real-valued when (3 = and 

/,_ -/3'(t-Zj) \ 

Zj's are all real with z± > • • • > z r . As /3 is small, we have log ( e /3 , A J log(t — z,-). 

We may also suppose t is real. Then the branch of log(t — Zj) is given so that it is a real 
number, i.e. log \ t — Zj\. Therefore when t < Zj (i.e. when we are integrating the summand 
j < i), we have log ^ 1 " 6 ^ — — ^ = log ^ 1 ~ e ^/' A j) j — /3'(t — ^), with the branch of log 
in the right hand is determined so that it is approximated by log \zj — t\ — log(£ — Zj). 
Similarly we have / log ^ 1 ~ e ^ — — ^ (it = — J 7 Li2(e /3 '(*~^) — - , and the branch of 

Li is given by the same way. 
Let us turn to the third term: 



/•e * i /*e « 

-2tt / dS = -j 

J e f3'(z i+ S) (3 Jg/3'izi-l 

0'zf 

= 757/ loge' 3zi — + - p logX-loge* 3 * — . 



logX— 



We take a positive number N$ < 5 such that 



p/ /3'( 2 ,+<5)\ \ 1 
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Then for |A| < N s , we have 



1 - 4A 2r 



P'r e r/3'(z t +8)/2 



1 + 0(5). 



We note that w n , ± = ±1. 

\e p i 



0'^ 

e 1 



± 



A/ / loge^ 1 — = * logw 

/3 J e 0'( H +s) w 



Y + P(X) 



- Zi log 



2(/3'A) r X( r+m )/ 2 
1 



p( e /3'( Zi +<5)) 



2(/3'A) r 1 W ±e (r+m)f3'(z l+ S)/2 



1 + Wl -4A 2r 



p( e /3'(z i +5)) 
P'r e r/3'(zi+S)/2 



1 _ e -/3'( 2i -^)\ /i_ e -ps\ ( r _ m )/3' 



/3'A 



+ log 



/3'A 



+0(5), 



where the branch of log is the same as before. 
Claim. 



^7 / (logX - log e^)— = 0(5). 



Proof. If X = e 13 ' 1 and |i — Zj| ps 5, we have 

logX-loge^ =e _^ + 

A — e p 2i 



n^(e^-e^)- 1 P(X) 



1 + 0(5). 



Thus we get 



logX-loge^ 1 = e - /3 ' Zl+ 5^ 



^.n^(e^- e ^r^(^) 



+ P(X) 



with P(X) = 0(5 2 ). The integration of P(X) yields 0(5 2 )0(log5) = 0(5). 
For the main part we have 



I 



X-^P(X) — 



W J e 0'(H+ s ) 



x-^p(x)^™,x 



X-^Y 



e * 



P /3'(z;+<5) 



= /TO (5). 
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Since 



f3' r - 1 U(z i -z j ) 



we get the assertion. 



□ 



The computation of the first term is similar. Since 0(A) logA = 0(5) for A <C 5, we 
have the following: 



(A.9) 



2vr / dS-2 
Jd 

M j>«-i 



r/3' 



zf — z. 



{Zj-Z l )\ 



i2(e 



-f3'(Zi- 1 -Zj)\ 



1 £ Li 2 (e-^-*-'»; 



+E 



3'(zj - «j 



E 

j<i-l 



i<t-i 
0(z 3 -z^f 



We now replace 3'zi by /3aj. As + y/—lzi = 0(A) by flA.ll) . the left hand side is still 
0(5) after the replacement. Since the LHS is a single valued holomorphic function of A 
on < |A| < Ng, it is extended to a holomorphic function on |A| < Ng. Since the LHS 
does not depend on 5, it is at A = 0. Thus the left hand side of (1A.9j) is 0(A). 
Therefore we have 



(A.10) 



27iV-la? = 2tt 



I dS 



(r — m)f3 



2 2 

a s — a 



fe=2 " Cfc 

2 



5>-§E( Li * 

H j>i 



■f3(ai-aj)\ 



yJ+|E( L W 



; 6 



+ *E( Li ^ 



fi+E« 



% - CLi)' 



+ 2r(di — a\) log(/3A) — rTt\f^l(a,i — a±) 



+ 0(A). 



By ( [Oil we get (TO) 



□ 



A. 5. A renormalization group equation. We assume m ^ ±r hereafter. 

We give an analogue of the renormalization group equation for the homological version 
(see [121 §2.4]). 



r,8 
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We set w to be constant and differentiate the denning equation of Cjj with respect to 
log A to get 

r ~ 1 r\TT j£(r+m)/2—p 



dX 



rX -(r+m)/2p( X ) — d jj p 



<91ogA (X-(^+ m )/ 2 P(X)) / ^d\ogA(X~( r + m )/ 2 P(X))'' 



Therefore 
(A.ll) 



d 



d log A 



dS 



1 



cX dw 



u>=const 



27rv/^T/3<91ogAXw 
1 



27rV z T/3 
1 



r-l 



rX"( r+m )/ 2 P(X) <)l r ; , 



j£(r+m)/2—p 



(X-( r+m )/ 2 P(X))' ^ 9 log A (X-( r '+ m )/2p(x))' 



dw 
Xw~ 



rP(X)dX _ 0U i> X r ~'" l <IX 



We thus have 
(A.12) 

(A.13) 



dcii 



XY 



1 



d log A 2n^l(3j Al XY 



^aiogA Y 
rP(X)dX 



EdUp dcii 
x d log A dU p 



da 



D 



1 



rP(X)dX 



p 

r-l 



d log A 2ttv /z T/3 7b 1 ATF 
Combining these equalities we get 
da? 1 



V dU P da? 
d\ogkdU p 



d log A 27r v / ^T/3 



rP(X)dX ^daP f rP(X)dX 
~ ^~da~ 

j=2 3 



XY 



XY 

has vanishing A-periods. 



From (1A. 12|) the meromorphic differential 2rr \^^ aio a ^S 

° u!=const 

Its poles are inverse images of X = 0, oo. As they are not branched points, we have four 
points. Let us denote them by 0+, oo_ (w = oo), 0_, oo + (w — 0). This convention is 
taken so that their residues are given by 

0± : ±1, oo ± : ±1. 

The assumption m ^ ±r is used here, otherwise X = 0, oo may not correspond to 
w = 0, oo. 

By the Riemann bilinear relation (see e.g., [21], §2.2]) we have 



1 



d 2 r. 



da 



v 



(A.i4) - Q ;° . = _ j- = - / Ui 



0++OO + 



2r 



UJi, 



2tt\/^1 daid log A <91ogA (3 j _ +oo _ 

where we have used the hyperelliptic involution i in the second equality. The path of the 
integral is taken disjoint from the cycles A iy P>i. 
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When (3 — > 0, two points X = 0, oo converge to a single point z = oo as we observed 
in §A.2I Here more precisely, 0+, oo_ go to z = oo, w = oo and 0_, oo + goes to z = oo, 
w = 0. 

As uoi = ^fdS, this equation suggests d d ^° A = — 47r ^ rTr dS. However the integral 
does not make sense as dS has singularities at + and oo_. We overcome the difficulty by 
introducing a new differential 



dS' 



Y 



-dS 



l X( r+m y 2 (X~( r+m V 2 P(X))'dX 
-log X 



P(X) 2n^l/3 ° P(X) 

Then dS — dS' can be integrated from + to oo_. From (1A.31 IA.11I) we have 



(A.15) 



d_ 

d 

d log A 



dS' 



dS' 



dU p X T -P~ l dX 



2ny^l/3 ^ den P(X) 



rdX ^4 dU p X^P^dX 
X~~^d\ogA P(X) 



■u)=const 27TV 1/3 

Differentiating P(X) = ]J(X - e'^ 1 ^) by U p , we get 



P(X) S X(X - dU p 

where we have used Yli z % — 0- Therefore we have 
(A.16) 



^E 



i 



(9,2; 



0+ ^"r— p 



-p-1 



P(X) 



dz 



X=oo 



X=oo 



= — — 



2r <9C/„ 



where we take a path in the upper half plane and we also used £\ Zj = 0. Therefore 



o+ Q 
7T dS ' 



to=const 



ft & V^/ \2 



j<k 



Combining with ( 1A.14I) . we get 



1 



2r d 



2k\[—\ ddid log A (3 ddi 



^ v iA j<k 
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Therefore we have 

1 dF 2r f°+ 



(A.17) 



2nV^l d log A 



— / (dS- dS') = y^(Zi - zA 



up to a function of A independent of a a . The right hand side has a perturbative expansion 

as 



2tt 



^5>-a,) 3 + 0(A). 

i<j 



This is exactly equal to the one given in Proposition IA.61 Therefore we finally fix the 
ambiguity of JF in 0(A) so that (lA.17j) holds. 

When /3 — > 0, both points 0+, oo^. converges to z = oo, w = oo. We have d5 = dS" at 
the limit point. Therefore the first integral disappears in the limit and we get 



d log A 



0=0 i<j 



This is nothing but the renormalization group equation [J2J 2.3] in the homological version. 
On the other hand, if (3 stays nonzero, d 9 ^° A could not be expressed as a simple function 



in Up. 



We differentiate (1A.17I) by log A: 



d 2 ^ 



2r 



27r v / ^T(«91ogA) 2 /3 ^ 8 log A 



9 



(tZ5 - dS') 



1 



5 



27T^T91ogA * 



4<J 



7ry— 



r-l 



^aiogA V K 



P(X) 



dX 



2vr\/^T^^ 



^ <91ogAdf/„ 



7ry— 



/•(P(A') - r )dx ou P x-'-'dx 



XY 



P =i 



91okA Y 



where we have used flA.16j) in the last equality. 
Let us consider 



(A.18) 



(P(X) - Y)dX 1 
2XY 2r 



r-l 



dU p X'-^dX 



P =i 



«91okA Y 



From (1A.12j) and f A 4^- = 0, it also has the vanishing A-periods. Its poles are 0_ and 
oo + with residues —1 and 1 respectively. These properties characterize the meromorphic 
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differential form uniquely. Let us denote it by u 00+ -o_ as customary. Substituting this 
into above, we get 



(A.19) 



d 2 T, 



Ar 2 
2 



(d log A) 2 (3 



0+ 



A. 6. Case r + m even. We assume that r + m is even in this subsection. 

Recall that we set X±, . . . , X r be the zeroes of P{X) = 0. For small A, we can find 
Xf near X; such that P{Xf) = ±2(-y/^l/3A) r (X^ r+m ^ 2 . These are branch points of 
the Seiberg-Witten curve Cjj . We have a natural partition of them as {Xf} U {X[}, 
which corresponds to the even half-integer characteristic E. It is the same as one in the 
homological version, i.e. *(|, |, |, • • • ). This is true regardless of the parity of r. 

Recall that the Szego kernel of the hyperelliptic curve is explicitly given by 



*e(X u X 2 



Q E (0)E(X 1: X 2 




+ jMx 2 )\ Vdx,dx 2 



Mx 2 



MXi 



Xo — Xi 



Y 2 U(X 1 -X+) + Y 1 U(X 2 -X t 
2(X 2 - X,) 

where E is the prime form and 

U(X - X+) P(X) - 2 




dX x dX 2 



MX) 



r 1 r 2 n(x 1 -x+)(x 2 -x- 

^T/3A) r X( r+m )/ 2 



U(X - X-) P(X) + 2(-^l(3A) r X( r + m )/ 2 ' 
See [15J, p. 12 Example]. We have ^e(0±) = ^(oo±) = 1. Therefore 



(A.20) 



E(0_,oo + ) 2 dX 1 | Xi= 



dX 2 
X 2 2 



00+ 



UJ\T) 



X2=co-\ 



On the other hand, [151 P-17, Remark v)] we have 
(A.21) 

;dx 2 

'llXi=0 



£(0_,oo + ) 2 dXi 



X\ 



cxp 




UJr 



& E (oy 



i=2 



mi 



where m ; = i J A rfarg ^ + ^ ■ In our situation, this is equal to 0. We thus get 



(A.22) 



X-X(O-) 



exp 



By f lA~T9l) and ([Oil) we get 



(A.23) 



6, 



- 2r d log A 



e, 



T 



exp 



^oo + -0- 



/3 2 <9 2 Jq 
8r 2 (<91ogA) ; 
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Thus we get the contact term equation [421 (4.12) with d — |]. More precisely, the above 
holds up to sign. However both sides go to 1 when (3 — > 0, so the above holds without 
the sign ambiguity. 

A. 6.1. A differential equation for U p . By [T5l Prop. 2.10 (38)] we have 
(A.24) 



V E {X,Q-)V E {X, oo + ) 
# B (0_,oo + ) 

The left hand side is equal to 



-»-+£ 



i=2 



d log 9 E 

(P(X) - Y)dX 
2XY ' 



d log Q E 



(0) 



As E is an even characteristic, di f @E (Q) = 0. Looking at fTA~T8D we have 



r-l 



L dU p X'-P^dX _ ^ dlogO E 



2r^<91ogA K 



In other words, 



(A.25) 



1 dU p 
2r 9 log A 



27rV^T/3 



E 



9 log Q E 



uj)u)i(X). 



OUr, 



47T\/— lr cHogAcJa 

This is an analog of the equation in [421 Th. 2.4]. This equation suggests that it is possible 
to define U p in terms of the instanton counting as in the homological version. 



A. 6. 2. Higher order equations. By [T5l Cor. 2.19 (43)] we have 



Qs(Eti vi - Eti *i) Ui<j E ^ x i) E (yj> y_i 



det 



® E {yj ~ Xj) 

Q E {Q)E{x l ,x j ) 



®e(0) 
= det (ty E (xi,yj)) ■ 

Let us study the limit of this equation when all Xi (resp. yf) goes to 0_ (resp. oo + ). As 



\/dxiW dx 

det (^ E (xi,yj)) 

Yli<j E ( x h x 3) E (y^yi 



1 + 0{xi — Xj) 2 ) , we have 



(-l^-^det — dldm E )(x,y) 



x=0_ 

y=oo+/ 0<i,j<d-l 



Therefore the answer depends only on the differentials of ty E up to order d—1. Note that 
P(X) - 2A( r+m )/ 2 (-v^T/3A) r 



MX) 



P(X) + 2X( r+m )/ 2 (- v / ^T/3A) 1 



4X( r+m )/ 2 ( 



-l/3A) r 



P{X) + 2X( r + m )/2(_ v /^i / 3A)r 



1 + 0(X( r+m )/ 2 ) as X -> 0, 
1 + 0(X-( r - m )/ 2 ) as X -> oo. 
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Therefore we can replace either ipE{xi) or ipE{yi) by 1 when we compute the limit if 
< d < max(r + m, r — m)/2. We may assume m < without loss of generality. Then 
we can replace "0s(j/i) by 1. Thus 



uo) 



det V E (xi, Vj) Hi j Efa, yj) 



e B (o) 



Hi<jE(xi,X3)E(V3>Vi 



Xi=0- 



(A.26) 



det ^ 



x det 



'dxi ■J dyj 

Vj -Xi J Ili<i E ( x " x j) E (yj> Vi 
'dyj 



Xi=0- 
yj=oo+ 




Xi=0- 
Vj=oo + 



£(0_,oo+) ^fdXl 



x 1= o_ \ X 2 



X 2 =OOj 



d 2 



oo+— 0- 



where we have used (1A.20[ IA.22j) in the last equality. Hence we get 



6/ 



■d(3 daj 
2r d log A I 



d 2 (3 2 d 2 F 
8r 2 (Slog A) 2 



for < d < max(r + m,r — m)/2. This is the same equation derived in Proposition 11.391 
under the assumption (11.371) . 

A. 7. Case r + m odd. We assume that r + m is odd in this subsection. 

Let us introduce a new variable W = \/X and consider the branched double covering 
V- Cu, m ^ C u,m given by 

Y 2 = P(W 2 ) 2 - A(-W 2 ) r (f3A) 2r 

= (P(W 2 ) - 2(V^lWf3A) r ) (P(W 2 ) + 2(v /z lW7M) r ) . 



(A.28) 



The branched points are X = 0±, oo±. The genus of Cjj is 2r — 1. 

For the new curve m the calculation of the previous section can be applied. We then 
use formulas in [151 §5] relating the theta functions for C l j m and those for Cjj m . This is 
our strategy to prove the contact term equation for the r + m odd case. 

Let us fix notations. See [loc. cit.] for more detail. Let be the involution W \— > —W 
corresponding to the projection p. We choose a symplectic basis A 2 , B 2 ,. . . , A r , B r , A*, 
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A' 2 , B' 2 ,. . . , A' r , B' r of Hi(Cff, Z) as in Figure [TJ where the involution is the rotation 
by 7r about the vertical axis passing through 0±, oo±. They satisfy 

(1) Ai, Bi i = 2, . . . r are taken so that they are in a single sheet of p and mapped to 
the corresponding cycles in the original curve Cfj, 

(2) A\ = -0(A t ), B[ = -0(A), 

(3) A, + 4>(A,) = = B, + 4>(B,). 




B 3 




Figure 1. Double cover of the Seiberg-Witten curve for r = 3, m: even 
The normalized holomorphic differentials &i, u)*, Cj\ on Cjj satisfy 

4>*UJi = —Lb'ii (f)*UJ* = —UJ* 

and are related to those on Cjj as 

fijji = u)i- Qj[. 

We denote a vector in C 2 ^ 1 by [f , rj, f] with £, f G C" -1 , r] E C Let vr* : J (C^) -> J (^) 
be the pull-back homomorphism of the divisor classes. It lifts to a map C r_1 — > C 2r_1 by 

7r*(o = [e,o,-e]. 

Let us choose two points S 1 , T from four branched points 0±, <x>±. Let S", T' be the 
remaining two points. Let £0=4 Js+t ^ where lu = (co>2, . . . ,u r ) is the vector of the 
normalized holomorphic differentials. Then (151 p. 91 (102)] says that there exists a unique 
half-period [0, c*,0] G Jo(C^) such that 



(A.29) 



0c(e + ^o)©c(^-eo) 

is independent of £ G C r_1 and a half-integer characteristic c for the curve Cjj. We choose 
S, T = 0_, oo_, so 

J /-0++OO+ 

4 



(A.30) 



Co 



W= 9 
0_+oo_ z </0_ 



The double cover Cff is also a hyperelliptic curve by the involution T: Y 1— > — Y". In 
Figured] the involution "Tis the rotation by 7r about the horizontal axis. Note that 0_ and 
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oo + lie in the same sheet of the covering Cjj —>■ C^/T— P 1 as we have P(X) « Y at both 
points. (We have P(X) ~ — Y in another sheet.) The sheet is the upper part of in 
Figure [TJ 

The branched points are W = \/X^, — a/ Xf. (Recall that we have fixed the branch 
of yXf so that yXf ~ VXl = e _v/3T/3zi//2 . We have a natural partition of them as 
{a/Xj + , — a/ XT' } U { a/ Xj~ , —y/Xf }. It corresponds to the factorization of the right hand 
side of (IA.28I) . Let E be the corresponding even theta characteristic. We now repeat the 
argument in §A.6[ We do not determine the characteristic E explicitly at this moment, 
as the argument goes through if E corresponds to the above partition. We need to take 
the path + — > oo_ disjoint from A, 5-cycles. This can be accomplished if we shift A* a 
little bit. For this choice, appeared in (1A.21I) is also 0. The remaining arguments are 
unchanged, and by ( 1A.26I) we get 

(A.31) ^vjo_^ = exp 2d2 / Soo+ _ Q _ ^ 

6_g(0) I Jo+ J 

for 2d < max(r+m, r— m) (i.e. d < (max(r+m, r— m) — 1)/2), where u" is the vector of the 
normalized holomorphic differentials of C^, and a}oo + __o_ is the meromorphic differential 
with ReSoo + = +1, Reso_ = — 1 having the vanishing A-periods. 

Lemma A. 32. The characteristic E is of the form [E, c*, — E] where the half-period 
[0, c*, 0] corresponds to the partition {0 + , oo + } U {0_, oo_} as above. 

Proof. We took the idea of proof from that of Prop. 5.3]. We pinch two cycles in Cy 
as in Figure [2j The limit is the union of a genus 1 curve C* (containing A*, B*) and two 
copies of Cjj. These curves are glued at P and Q as in Figure [2], i.e., two points P, Q in 
C* are identified with a point in Cjj and its copy in another Cft respectively. 




oo_ 



Figure 2. Degenerate curve 

Then it is enough to calculate the characteristic in the limit. It is clear that the C^-parts 
have characteristic E and —E respectively. 
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Let us concentrate on the genus 1 part. Among the original branched points, ±a/ xf 
are contained in C*, and P, Q are new branched points. As the limit of the partition corre- 
sponding to E, we get the partition {^/xf, Q} U{ — y/X^ , P}. This can be seen by pinch- 
ing only one of the two cycles, say one corresponding to Q. As each part has the equal num- 
ber of branched points, we must have {Q, yXf , \fX% , ■ ■ • }□{ — a/X-^ , a/X-j", a/X-T , ■ ■ ■ }■ 
Pinching the remaining cycle corresponding to P, we get the assertion. On the other hand, 
the partition {0 + , oo + } U {0_, oo_} of the branched points of cf> is clearly preserved under 
the degeneration. 

Thus the elliptic curve C* has two hyperelliptic involutions T and 0, and we have the 
corresponding partitions of branched points {a/X^, Q} U { — ^fxf,P} and {0 + ,oo + } U 
{0_, oo_}. It is clear from the picture that both give rise to the same characteristic of the 
theta function (in fact, it is #oo)- D 

The denominator of the left hand side of flA.311) is 



On the other hand, we have 

2d 



o_ 



r°°+ r°°+ 
/ oj~= d / u,d, —d 

JO- L Jo- 

To evaluating the value of the theta function at this point, we can replace d by as d is 
an integer. Therefore the numerator of the left hand side of flA.31j) is equal to 



r°°+ r°°+ \ i f°°+ i r°°-\ 



2 Jo_ 2 J _ 

On the other hand, we have Qoo + -0- = §P*(^oo+-o-)- Therefore the right hand side of 
(JS3U) is 

exp <^ d 2 / cj 00+ _o_ 



/o+ 



Thus we have 



roo- 



1 poo +rA = exp <^ / Woo+-0- 



i.e. 



(A.33) 



eg((<*+|)|ffigslT) _ f d(d + i) (3 2 g% 



E V 4r 9 log A 



for < d < (max(r + m, r — m) — l)/2. This is the same equation derived in Proposi- 
tion [L39] under the assumption (11.371) . 
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A. 8. rank 2 case. We assume r = 2, m = in this subsection. 
We have P(X) = X 2 + U X X + 1. Then 

Y 2 = P{X) 2 - 4X 2 /3 4 A 4 = {X 2 + U X X + 1 + 2X/3 2 A 2 } {X 2 + U X X + 1 - 2X/3 2 A 2 } 

= {a + (X + l) 2 - /3+{X - l) 2 } {a-(X + l) 2 -0-{X- l) 2 } 

where 

1 U, (3 2 A 2 
Then the solutions of P(X) 2 - AX 2 (3 4 A 4 = are 



1 U x (3 2 A 2 
h — ± . 

2 4 2 



+ 1 



+ 1 



1 



+ 1 



Here we choose the branch of \/ /3±/a± so that the above are Xf , X-f , X r , X^ in sequence. 
(Recall the A-cycle encircles X^T, X^, and -B-cycles encircles Xf , X% .) We introduce new 
variables 

Fa^X + 1 1 Y 



Then the Seiberg-Witten curve is 

.2 



y 



(1 - X 2 )(l - K 2 X 2 ) 



where 



K 



2 A2 



/3 Z A 



/3 2 A 2 
2 



2 ' 



In the x-coordinates, the A-cycle encircles 1, l//c, and the -B-cycle encircles ±1/k. Note 
that the A-cycle encircles ±1 usually, so A, 5-cycles are interchanged in our convention. 
Note also that the curve has period 2r instead of r usually. Therefore when we use various 
formulas in textbooks (e.g. [53]), we need to replace r by — 2/r. From [53J, 22 • 11] we 
have 

' -2/r) 2 



M-2/r) 2 ' 



Therefore 



(A.34) 



16 




2 a 2^001 



-2/r)- 
-2/t)* 



+ 



2a2 



+ 
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We also have 

da 1 f dX 1 f 1/K dx K'(-2/t) 



Note that = + /3 2 A 2 . Therefore 



y 27T/3v / a + /3_ ' 



a+(3_ = -/T A 
Substituting K'(-2/r) 
(A.35) 



2 M-2/tY 



a-(3+ = -f3 2 A 2 



0io(-2/rY 



6oi(-2/rr " " Ql {-2/ T y 

l7r6 00 (-2 /t) 2 /t ([53, 22 • 32]) we get 



da M-2/r) 5 



-e o(r)9 10 (r) 



dU t 2/3 2 Ar 2/3 2 A 

Here we fix the sign so that it coincides with the formula for the homological version when 
P -»• 0, i.e. da/d« = - v /T T^oo(r)^io(r)/2A. 

Let sn(», k(—2/t)), cn(«, k(—2/t)), dn(«, k(—2/t)) be Jacobi's elliptic functions for the 
period — 2/r. From (j A. 14ft we have 



/3 



9a 



2a/^T 



4v /3 T 



«91ogA =4 /o_ ^ = K'(-2/r)J FEE y K'(-2/r) 

V p+ 



sn 




Here we have used that u; is normalized so that f A u 



2 J^ K uj = 1, and hence ui 



dx 



Let h := 



7TV— 1 <9a £ 



( i M x ,, ,,,,„, A - Then by using addition theorem for theta functions 



and the definition of Jacobi's elliptic functions, 
Msg*') Mi£M)M7^ ^ 



'OH 



§h 



)M 



(3h 



a / /3h 2\n I 0h 



.2 s 

T ' T I 



sn 



T 'cn(jf§;,/c(-f))dn(^, K (-l)) 



where K = K(-2/r). As 



K(3h 



§h 



sn" 



-if 



the above is equal to 



-U/l 



ot-(3 + la+ / (3j, 



ft- 



a+P- v ft+ V — a + V ft- ~ a - 

where we have used a± — f3± = 1. Hence we get 



±/3A, 



(A.36) 



-/3A. 
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Here the sign was fixed by considering the limit (3 — > 0: 

i M affirm) /a-x) y u (o,r) i <9 2 jp = _ A 

The equation (IA.36P can be also derived from the blowup formula [4"3"| Prop. 3.2(1)] for 
Ci = odd together with the argument in [UJ §4.3]. 
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